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Hence, the given differential equation is exact and the solution is

( ) ( )∫ ∫ =+++++ cdyxyxxdxyyxy cossinsincos

cxyyxxy =++ sinsin                         

8.  Solve ( ) ( ) 0532235 42233224 =−−+−+ dyyyxyxdxxyyxx➨  ( ) ( ) 0532235 42233224 =−−+−+ dyyyxyxdxxyyxx
3224 235 xyyxxM −+=   

4223 532 yyxyxN −−=

22 66 xyyx
y

M
−=

∂

∂ 22 66 xyyx
x

N
−=

∂

∂

x

N

y

M

∂

∂
=

∂

∂
∴

Hence, the given equation is exact and the solution is

( ) ( )∫ ∫ =−+−+ 05235 43224 dyydxxyyxx

cyyxyxx =−−+ 532235
                        

9.   Solve [ ] 0sinlogcos
1

1 =−++







+







+ dyyxxxdxy

x
y➨  [ ] 0sinlogcos
1

1 =−++







+







+ dyyxxxdxy

x
y

y
x

yM cos
1

1 +







+= yxxxN sinlog −+=

y
xy

M
sin

1
1 −








+=

∂

∂
y

xx

N
sin

1
1 −+=

∂

∂

x

N

y

M

∂

∂
=

∂

∂
∴

Hence, the given differential equation is exact and the solution is

[ ]∫ ∫ =−++







+







+ cdyyxxxdxy

x
y sinlogcos

1
1

cyxxyyx =++ coslog            
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10. Solve

     ( )[ ] ( )[ ] 0cossec.sincostancos 2 =+++++ dyyxyxdxyxyx➨  ( )[ ] ( )[ ] 0cossec.sincostancos 2 =+++++ dyyxyxdxyxyx

( )yxyxM ++= costancos

( )yxyxN ++= cossecsin 2

( )yxyx
y

M
+−=

∂

∂
sinsec.cos 2

( )yxyx
x

N
+−=

∂

∂
sinsec.cos 2

x

N

y

M

∂

∂
=

∂

∂
∴

Hence, the given differential equation is exact and the solution is

( )[ ] [ ]∫ ∫ =+++++ cdyyxyxdxyxyx )cos(secsincostan.cos 2

( ) cyxyx =++ sintan.sin                         

11.  Solve ( ) ( ) 03226 222 22

=+++−+ −−
dyyxedxexyxyx

xx➨  ( ) ( ) 03226 222 22

=+++−+ −−
dyyxedxexyxyx

xx

2

226 2 x
xyexyxM

−−+= 22 3
2

yxeN
x ++= −

2

22 xxex
y

M −−=
∂

∂
xxe

x

N x 22
2

+−=
∂

∂ −

x

N

y

M

∂

∂
=

∂

∂
∴

Hence, the given differential equation is exact and the solution is

( ) ( )∫ ∫ =+++−+ −−
cdyyxedxxyexyx

xx 222 3226
22

∫ =+−+ −
cydxxeyyxx

x 323 2

22

cyyeyxx
x =+++ − 323 2

2            

12.  Solve ( ) xydydxyx 222 =−➨   ( ) xydydxyx 222 =−

          ( ) 0222 =−− xydydxyx
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          xyNyxM 222 −=−=

          y
y

M
2−=

∂

∂
        y

x

N
2−=

∂

∂

x

N

y

M

∂

∂
=

∂

∂
∴

Therefore, the given equation is exact and the solution is

( )∫ ∫ =−− cxydydxyx 222

cxy
x

=− 2
3

3
           

Exercises

Solve the following

1)     ( ) ( ) 02424 2222 =−−+−− dyxxyydxyxyx

2)     ( ) ( ) 022 =−+− dyaxydxayx

3)     ( ) ( ) 0=+++++ dyfbyhxdxghyax

4)     ( ) ( ) 0sin2 =++− dxxxydyex y

5)     ( ) ( ) 0223 3 =++− dyyxdxxyx

6)     ( ) 0sincos1 =++ xdyexdxe yy

7)     
( )

0
32
4

22

3
=







 −

+







dy

y

xy
dx

y

x

8)     ( ) ( ) 023 23222 =+++ dyyyxdxxyx

9)     ( ) 02 2 =++ dxyaxydy

10)    ( ) ( ) 0323 22 =+−++− dxyyxdyxyx

11)    ( ) 032 223 =+−+ ydxxdyyyx

12)    ( )[ ]dyyyxxyx sincossin −++

( )[ ] 0coscossin =++++ dxxyxxyy

13)    ( ) ( ) 0=+++ dxeyedyxee yxyx

14)    ( ) ( ) 03tan2sec62 222 =−++− dxyyxdyyxxy

15)    ( ) 03 =−+ dxxyxdy
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Answers

1)     ( ) cyxxyyx =+−+ 633

2)     caxyyx =−+ 333

3)     0222 22 =+++++ cfygxbyhxyax

4)     cexxxxy y =−+− 2sincos

5)     cyxyx =+− 223 3

6)     ( ) cxe y =+ sin1

7)     
322 cyyx =−

8)     cyxyx =++ 2333 3

9)     ( ) cyax =+ 2

10)    cyxyxyx =+−+ 323

11)    ( ) cyyxy =−+ 23 33

12)    ( ) cyxyxxy =−−+− cossinsincos

13)    cyexe xy =+

14)    
22 32tan xycyyx +=+

15)    cxxy += 44

EQUATIONS REDUCIBLE TO EXACT EQUATIONS

If 0=+ NdyMdx is not exact i.e., ,
x

N

y

M

∂

∂
≠

∂

∂
then it can be made

exact by multiplying with an integrating factor (I.F).  The following

methods are followed for finding the I.F.

1.  If 








∂

∂
−

∂

∂

x

N

y

M

N

1
is a function of x only, say ( ),xf  then 

( )∫ dxxf

e is

     an integrating factor.

2.  If 








∂

∂
−

∂

∂

y

M

x

N

M

1
is a function of y only, say ( ),yg  then 

( )∫ dyyg

e  is

     an integrating factor.
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3.  If an equation is of the form ( ) ( ) 0,, 21 =+ xdyyxfydxyxf

     i.e., 21 , xfNyfM ==  and if 0≠− NyMx , then 
NyMx −

1
is an

     integrating factor.

Worked Examples

1.  Solve ( ) ( ) 0233 332 =−−++ dxyxyxdyyxx➨  ( ) ( ) 0233 332 =−−++ dxyxyxdyyxx

i.e., ( ) 033)23( 2233 =++−− dyxyxdxyxyx

33 23 yxyxM −−= 22 33 xyxN +=

263 yx
y

M
−−=

∂

∂ 236 yx
x

N
+=

∂

∂

299 yx
x

N

y

M
−−=

∂

∂
−

∂

∂

( )
( )2

2

3

91

yxx

yx

x

N

y

M

N +

+−
=









∂

∂
−

∂

∂
∴

                               ( )xf
x

=−=
3

Therefore, I.F. =
( ) ∫

=∫ − dx
x

dxxf

ee

3

3

3log 13

x
xe

x === −−

Multiplying this I.F to the given equation, we get

( ) 0
1

3231 22332 =







++−− −−−

dyyx
x

dxyxyx

This is an exact differential equation, and the solution of the given

equation is

( )∫ ∫ =







++−− −−−

cdyyx
x

dxyxyx
22332 3

231

               treating y as constant          the terms do no contain x

cy
x

y
x

x =
−

−
−

−
−−

3
21

2
2

1
3
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c
x

y

x

y
x =++

2

33

233 3 cxyxyx =++            

2.  Solve ( )[ ] 01tan1 =+++
dx

dy
yyx➨     ( )[ ] 01tan1 =+++

dx

dy
yyx

i.e., ( )[ ] 0tan1 =+++ dxdyyyx

or ( )[ ] 0tan1 =+++ dyyyxdx

1=M ( ) yyxN tan1 ++=

0=
∂

∂

y

M
y

x

N
tan=

∂

∂

( )ygy
y

M

x

N

M
==









∂

∂
−

∂

∂
tan

1

( ) ( )yydydyyg

eeeFI
seclogtan

.. =∫=∫=∴
     ysec=

Multiplying the I.F to the given equation we get,

( )[ ] 0tansecsecsec =+++ dyyyyxyydx

This is an exact equation and the solution of the given equation is

∫ ydxsec + ( )∫ =++ cdyyyyyxy tansecsecsec

  treating y as a constant      the terms do not contain x

( ) ( )∫ =+++ cdyyyyyyyx tansectanseclogsec

( ) ∫ =−+++ cydyyyyyyx sec.1sectanseclogsec

( ) ( ) cyyyyyyyx =+−+++ tanseclogsectanseclogsec

cyyyx =+ secsec

( ) cyyx =+ sec            

3.  Solve ( ) ( ) 011 =−++ xdyxyydxxy➨ ( ) ( ) 011 =−++ xdyxyydxxy

( ) ( )yxyfyxyM ,1 1=+=
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( ) ( )yxxfxxyN ,1 2=−=

( ) ( )xyxyxyxyNyMx −−+=−∴ 11

 
2222 yxxyyxxy +−+=

 02 22 ≠= yx

          
2222

1
or

2

11
.

yxyxNyMx
FI =

−
=∴

Multiplying I.F to the given equation, we get

( ) ( )
0

11
2222

=
−

+
+

dy
yx

xxy
dx

yx

yxy

0
11 21

2

=







−+








+ −−

−

dy
y

yxdx
xy

x

This is an exact equation and the solution of the given equation is,

∫ ∫ =







−+








+ −−−

cdy
y

yxdx
x

x
y

111 212

   treating y as constant               the terms do not contain x

cyx
x

y
=−+

−

−

loglog
1

1 1

cyx
xy

=−+− loglog
1

                        

Note    1.  ( )xydydxxdy =+

            2.  
2x

ydxxdy

x

y
d

−
=









            3.  







=

−

y

x
d

y

xdyydx
2

            4.  ( ) ( )dxxfyg ′ ( ) ( )dyxfyg′+ ( ) ( )[ ]ygxfd=

4.  Solve ( ) 022 =++− dxyxaydxxdy➨  ( ) 022 =++− dxyxaydxxdy

( )
0

2

22

2
=

+
+

−
⇒ dx

x

yxa

x

ydxxdy
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i.e., 01

2

=



















++








dx

x

y
a

x

y
d

Put v
x

y
=

( ) 01 2 =++ dxvadv

Which is variable separable form,

( )dxvadv 21+−=

adx
v

dv
−

+ 21

∫ ∫ +−=
+

cdxa
v

dv
21

caxv +−=−1tan

cax
x

y
=+







−1tan                         

5.  Solve ( ) ydxxdyyx 324 4=+➨  ( ) ydxxdyyx 324 4=+

ydxxdyydyx 324 4=+

dyxydxxdyy 432 4 −=

( )
2

434

y

dyxdxxy
dy

−
=









=

y

x
ddy

4

∫ ∫ +







= c

y

x
ddy

4

c
y

x
y +=

4

           

6.  Solve 03
322 =−− dxeyxxdyydx

x➨ 03
322 =−− dxeyxxdyydx

x
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Dividing by 
2y on both sides, we get

03
32

2
=−

−
dxex

y

xdyydx x

03
32 =−








dxex

y

x
d

x

cdxex
y

x
d

x =−







∫ ∫

323

∫ =− cdte
y

x t tx =3 ⇒ dtdxx =23

ce
y

x t =−

ce
y

x x =−
3

           

7. Solve ( ) 





+=





++

dx

dy
xyy

dx

dy
xyx 1

2➨ ( ) 





+=





++

dx

dy
xyy

dx

dy
xyx 1

2
                                                ---(1)

Put tyx =+ and zxy =

      
dx

dt

dx

dy
=+1

dx

dz

dx

dy
xy =+

(1) becomes, 
dx

dt
z

dx

dz
t =2

                    
z

dz

t

dt
=

2

Integrating the above equation, we get

∫ ∫=
z

dz

t

dt
2

( )
( ) cxy

yx
cz

t
+=

+
−⇒+=− log

1
log

1
                        
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