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Exercises

1) If 
54 yxu = , where 

2
tx = and 

3ty = , find 
dt

du

2) If ,163 223 =++ xyyxx find 
dx

dy
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3) If ,sin22 yzyxu +−= where 
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JACOBIANS

Let u and v are functions of two independent variables x and y, then

Jacobian of u and v with respect to x and y is denoted by

J or 
( )
( )yx

vu

,

,

∂

∂
or 









yx

vu
J

,

,

and is defined by

( )
( )

y

v

x

v

y

u

x

u

yx,

vu,

∂

∂

∂

∂
∂

∂

∂

∂

=
∂

∂

If u, v, w are functions of three Independent variables x, y, z, then

( )
( )

z

w

y

w

x

w

z

v

y

v

x

v

z

u

y

u

x

u

zy,x,

wv,u,
J

∂

∂

∂

∂

∂

∂
∂

∂

∂

∂

∂

∂
∂

∂

∂

∂

∂

∂

=
∂

∂
=

Properties of Jacobian

1) If u and v are the functions of s and t, and s and t are the functions of x

    and y, then
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Null or Zero Jacobian

A Jacobian J is said to be null or zero Jacobian if J=0

Remark If ( )yxuu ,= and ( )yxvv ,= are mutually independent, then

the Jacobian .0≠J  If u and v are not independent or functionally

dependent, then Jacobian J=0
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Note We observe that zyxw ++=
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7. If θφθφθ cos,sinsin,cossin rzryrx ===  then find

        
( )
( )θφ ,,

,,

r

zyx

∂

∂➨ φθ cossinrx = φθ sinsinry = θcosrz =

     φθ cossin=
∂

∂

r

x
φθ sinsin=

∂

∂

r

y
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∂

∂

r

z

     φθ
θ

coscosr
x

=
∂

∂
φθ

θ
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y
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∂
θ

θ
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∂
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φ
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∂
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∂
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∂
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∂
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∂
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[ ]0cossincossin 22 −−= φθφθ r

[ ]φθφθφθ sincossinsinsinsin 22 rrr −−+

[ ]φθθφθ coscossin0coscos rr −+

φθθφθφθ 222232232 sincossinsinsincossin rrr −−−=

φθθ 222 coscossin0 r−+
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[ ] [ ]φφθθφφθ 22222232 cossincossinsincossin +−+−= rr

( ) ( )1cossin1sin 2232 θθθ rr −−=

( )θθθ 222 cossinsin +−= r

( )1sin2 θr−=

( )
( )

θ
θφ
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,,

,, 2
r

r

zyx
−=

∂

∂
                                                                               

8.   If ( ) xyvyxu =−= ,1 , find 
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( )yx

vu
J

,

,
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∂
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∂
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     verify that 1=′JJ➨              ( ) xyvyxu =−= 1
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∂
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∂
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∂
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∂
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∂
∂

∂

∂

∂

=
∂

∂
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∂
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9.   If yxvyxu +=−= ,22
find J and J ′ , verify that 1=′JJ➨            yxvyxu +=−= 22
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∂
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∂
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∂
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It is quadratic equation in x

( ) ( )( )
( )12

21442 vu
x

+−−±−
=

2

2122 vu ++±−
=

vux 211 ++±−=
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vuv

y

vuv

x

21

1
1

21

1

++
−=

∂

∂

++
=

∂

∂

vuvu

vuvuJ

21

1
1

212

1
21

1

212

1

++
−

++

−
++++=′

    
( )vuvuvu 212

1

21

1
1

212

1

++
+








++
−

++
=

            
( )12

1

212

1

+
=

++
=′

xvu
J

      ( )
( )12

1
22

+
+=′∴

x
xJJ ( )

( )
1

12

1
12 =

+
+=

x
x            

10. If ,tan,sec veyvex uu == prove that 1=′JJ➨    veyvex uu tansec ==
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From the given equations, we have
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Substituting for x  and 
22 yx − , we get
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11. If xyvyxu =+= , , verify that 1=′JJ➨   xyvyxu =+= ,
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