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( ) [ ]∫
∞

−−−=
0

6
dtetI

t

                ∫
∞

−−=
0

6
dtet

t ( ) ( ) 







−== ∫ ∫∫

∞
−

b

a

a

b

t
dxxfdxxfdtet ∵

0

6

    ( )16 +Γ= !6=  = 720

(vii) ( )∫=
1

0

3
logLet dxxxI ( ) dxxx

3
1

0

3 log∫=

Put log x = −t⇒ ⇒= −t
ex dtedx

t−−=

If ∞=⇒= tx 0 , if 01 =⇒= tx

( ) ( ) ( )∫
∞

−− −−=∴
0

33
dteteI

tt

       ∫
∞

−=
0

34
dtte

t

∫
∞

−−=
0

34
dtte

t

Put zt =4 ⇒  ⇒=
4

z
t

4

dz
dt =

If 00 =⇒= zt , if ∞=⇒∞= zt

∫
∞

−








−=

0

3

44

dzz
eI

z

   ∫
∞

−−
=

0

3

44

1
dzez

z
= ( )13

4

1
4

+Γ−

    =
256

6

4

!3
4

−
=

−
=

128

3
−

(viii) Let 
( )∫=

1

0 /1log

1
dx

x
I

Put t
x

=






 1
log ⇒ t

e
x

=
1

⇒
t

e
x

1
= ⇒ ⇒= −t

ex dtedx
t−−=

If ∞=⇒= tx 0 , if 01 =⇒= tx

This is only a SAMPLE page. 
Upon purchase, the gray background will be removed. 

To get your personalized e-book / e-copy visit 
www.interlinepublishing.com or 

www.9thclick.com -> Online Shopping -> Books -> E book / E copy



Advanced Mathematics – I276

( )∫
∞

−−=∴
0

1
dte

t
I

t
dtet

t−
∞ −

∫=
0

2

1

        = 







+

−
Γ 1

2

1
= 








Γ

2

1

    π=I

(ix) Let dx
x

I ∫

−









=

1

0

2

3

1
log

Put  t
x

=
1

log ⇒ t
e

x
=

1
⇒ t

ex
−=

dtedx
t−−=

If ∞=⇒= tx 0 , 01 =⇒= tx

( )dtetI
t−

∞

−

−=∴ ∫
0

2

3

dtet
t−

∞ −

∫=
0

2

3

                   = 







+

−
Γ 1

2

3
= 







 −
Γ

2

1

     =
( )2/1

1
2

1

−









+

−
Γ

         ( ) ( )[ ]nnn Γ=+Γ 1∵

      = 







Γ−

2

1
2                           ( ) ( )






 +Γ
=Γ

n

n
n

1
∵

     π2−=

(x) Let ∫
∞ −

=
0

2

dx
x

e
I

x

Put  tx =2 ⇒ ⇒= tx dt
t

dx
2

1
=

If 00 =⇒= tx , if ∞=⇒∞= tx

∫
∞ −

=∴
0

2/1 2 t

dt

t

e
I

t

∫
∞ −

=
0

2/14/12

1
dt

tt

e
t

This is only a SAMPLE page. 
Upon purchase, the gray background will be removed. 

To get your personalized e-book / e-copy visit 
www.interlinepublishing.com or 

www.9thclick.com -> Online Shopping -> Books -> E book / E copy



Integral Calculus 277

      dtet
t−

∞ −

∫=
0

4

3

2

1








+

−
Γ= 1

4

3

2

1

     







Γ=

4

1

2

1
           

4. Prove the following

   (i) ( ) ∫
−









=Γ

1

0

1
1

log dx
x

n

n

(ii) ( ) ∫
∞

−−=Γ
0

1
dxxean

naxn

   (iii) ( ) ∫
∞

−−=Γ
0

12 2

2 dtetan
atnn

(iv) ( ) ∫
∞

−=Γ
0

1

1
dte

n
n

nt

   (v) ∫
∞

−=







Γ

0

11
dxe

nn

n
x

           (vi) 






 +
Γ=∫

∞

+

−

2

1

2

1

0

1

22 n

a
dxex

n

xan➨ (i) RHS = ∫
−









1

0

1
1

log dx
x

n

Put t
x

=






 1
log ⇒ t

e
x

=
1

⇒ ⇒= −t
ex dtedx

t−−=

If ∞=⇒= tx 0 , if 01 =⇒= tx

RHS ( )∫
∞

−− −=
0

1
dtet

tn
= ∫

∞

−−−
0

1
dtet

tn

         ( )∫
∞

−− =Γ==
0

1
LHSndtet

tn

( ) ∫
−









=Γ∴

1

0

1
1

log dx
x

n

n

(ii) Put 
a

dt
dxdtadxtax =⇒=⇒=

If 00 =⇒= tx , if ∞=⇒∞= tx

∫ ∫
∞ ∞ −

−−−








=∴

0 0

1

1

a

dt

a

t
edxxe

n

tnax

This is only a SAMPLE page. 
Upon purchase, the gray background will be removed. 

To get your personalized e-book / e-copy visit 
www.interlinepublishing.com or 

www.9thclick.com -> Online Shopping -> Books -> E book / E copy



Advanced Mathematics – I278

                        ∫
∞

−

−
−=

0

1

1

.
a

dt

a

t
e

n

n
t

∫
∞

−−=
0

11
dtte

a

nt

n

                          ( )n
a

dxxe
n

nax Γ== ∫
∞

−− 1

0

1

                       ( ) ∫
∞

−−=Γ∴
0

1
dxxean

naxn

(iii) Put
a

x
txat =⇒= 22

       
a

dx
tdtdxatdt

2
2 =⇒=

If 00 =⇒= xt , if ∞=⇒∞= xt

∫ ∫
∞ ∞

−−−− =∴
0 0

2212 22

tdtetdtet
atnatn

                        ( )∫
∞

−−=
0

12 2

tdtet
atn

∫
∞

−

−









=

0

1

2a

dx
e

a

x x

n

                       ∫
∞

−

−

−

=
0

1

1

2a

dx
e

a

x x

n

n

∫
∞

−−=
0

1

2

1
dxex

a

xn

n

( )n
a

dtet

a

n

atn Γ=∫
−−

0

12

2

12

( ) ∫
∞

−−=Γ∴
0

12 2

2 dtetan
atnn

(iv) Put xt n =
1

⇒ ⇒= n
xt dxnxdt

n 1−=
If 00 =⇒= xt , if ∞=⇒∞= xt

∫∫
∞

−−
∞

− =∴
0

1

0

1

. dxnxedte
nxt n

                             ∫
∞

−−=
0

1
dxxen

nx

This is only a SAMPLE page. 
Upon purchase, the gray background will be removed. 

To get your personalized e-book / e-copy visit 
www.interlinepublishing.com or 

www.9thclick.com -> Online Shopping -> Books -> E book / E copy



Integral Calculus 279

 ( )∫
∞

− Γ=
0

1

nndte
nt

  ( ) dte
n

n
nt

∫
∞

−=Γ∴
0

1

1

(v) Put tx
n = ⇒ ⇒= ntx

1

dtt
n

dx n
1

1
1 −

=

If 00 =⇒= xt , if ∞=⇒∞= xt









=∴

−
∞

−
∞

−

∫∫ dtt
n

edxe ntx
n 1

1

00

1

     dtte
n

nt
1

1

0

1 −
∞

−

∫=

    







Γ=∫

∞
−

nn
dxe

n
x 11

0

dxe
nn

n
x

∫
∞

−=







Γ∴

0

11

(vi) txa =22
Put ⇒

2

2

a

t
x = ⇒ 2

1
1

t
a

x =

dtt
a

dtt
a

dx 2

1

2

1

2

1

2

11
==

If 00 =⇒= tx , if ∞=⇒∞= tx

∫ ∫
∞ ∞

−
−−











=∴

0 0

2

1

2

1

2

1122

dtt
a

et
a

dxex t

n

xan

                       dtet
a

t

n

n

−
−

+ ∫
∞

=
0

2

1

2
12

1
dtet

a

t

n

n

−
∞ −

+ ∫=
0

2

1

12

1

                       







+

−
Γ=

+
1

2

1

2

1
1

n

a n







 +−
Γ=

+ 2

21

2

1
1

n

a n

            ∫
∞

+

−







 +
Γ=∴

0

1 2

1

2

122 n

a
ex

n

dxxan
                        

This is only a SAMPLE page. 
Upon purchase, the gray background will be removed. 

To get your personalized e-book / e-copy visit 
www.interlinepublishing.com or 

www.9thclick.com -> Online Shopping -> Books -> E book / E copy



Advanced Mathematics – I280
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           (2) Assume the result is true for n = m
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
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Therefore, the result is true for 1+= mn

Hence, the result is true for all the values of n

i.e.,
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π
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n
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2
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Therefore, the result is true for 1=n
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(2) Assume the result is true for mn =

( )
( )12........5.3.1
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(3) If n  = m  +1 the given equation becomes,
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Therefore, the result is true for 1+= mn .

Hence, the result is true for all the values of n
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Exercises

I. Evaluate the following

1)      







Γ

2

5
   2) ( )5.4Γ    3) 







 −
Γ

2

1
      4)  









Γ









Γ

3

2

3

8

 

5)    
( )

( ) ( )342

7

ΓΓ

Γ
 6)

( )









Γ









ΓΓ

2

9

2

3
3

7) 









Γ









Γ

3

4

3

7

8) 






 −
Γ

2

7

II. 1) ∫
∞

−

0

dxex
x

2) dxex
x−

∞

∫
0

2

3

3) ∫
∞

−

0

23
dxex

x

4) ∫
∞

−

0

26
dxex

x
5) ∫

∞
−

0

5 2

dxex
x

6) ∫
∞

−

0

3

dxe
x

7) ∫
∞

−

0

2 2

dxe
xax

8) dx
x∫ 







1

0

1
log

9) ( )∫
∞

0

3
log dxx 10) ( )∫

1

0

4
log dxxx

11) ∫
∞

−

0

3 2

2 dx
x

12) ∫ 







1

0

2 1
log dx

x
x

13) ∫
∞

−

0

dxex
n

axm
14) ( )dxex

x−
∞ −

−∫ 1

0

2

3

Answers

I. 1) π
4

3
2) π

16

105
3) π2−

4)
9

10
5) 30 6)

105

16
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7)
3

4
8)

105

16 π

II. 1)
2

π
2)

4

3 π
3)

8

3

4)
8

45
5)

8

105 π
6) 








Γ

3

1

3

1

7)
2

2
aeπ

8)
2

π
9) 6−

10)
625

94
11)

2log32

π
12)

27

2

13) 






 +
Γ

+ n

m

na n

m

11
1

14) π2

The Beta Function

The Beta function is denoted by ( )nm,β  and is defined by

( ) ( )∫
−

−= −
1

0

1
1

1, dxxxnm
n

mβ , where m and n are positive real numbers

Prove that ( ) ( )mnnm ,, ββ =

Proof: We have,

( ) ( )∫
−

−= −
1

0

1
1

1, dxxxnm
n

mβ

We know that ( ) ( )∫∫ −=
aa

dxxafdxxf
00

Therefore, ( ) ( ) ( )( )∫
−−

−−−=
1

0

11
111, dxxxnm

nmβ

      = ( ) ( )∫
−−

+−−
1

0

11
111 dxxx

nm
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      = ( )∫
−−

−
1

0

11
1 dxxx

nm

( ) ( )mnnm ,, ββ =∴

Prove that ( )
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∞

+

−

+
=

0
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1
, dx

x

x
nm
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n

β
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∞
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−

+
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0
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1
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x
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m

Proof  We have,
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1

0
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1
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−

If ∞=⇒= tx 0 , if 01 =⇒= tx
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We know that ( ) ( )mnnm ,, ββ =
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