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Differentiating again with respect to x, we get
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Differentiating (1) partially with respect to x, we get
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Differentiating (1) partially with respect to y, we get

   ( ) ( )( )aayxgaayxf
y

u
−−′++′=

∂

∂
.

  ( ) ( )ayxgaayxfa
y

u
−′−+′=

∂

∂
, differentiating again, we get

This is only a SAMPLE page. 
Upon purchase, the gray background will be removed. 

To get your personalized e-book / e-copy visit 
www.interlinepublishing.com or 

www.9thclick.com -> Online Shopping -> Books -> E book / E copy



Advanced Mathematics – I164

( ) ( )( )aayxgaaayxfa
y

u
−−′′−+′′=

∂

∂
2

2

        ( ) ( )ayxgaayxfa −′′++′′= 22

        ( ) ( )[ ]ayxgayxfa −′′++′′= 2

2

2
2

2

2

x

u
a

y

u

∂

∂
=

∂

∂
                        

13. If 
222

1

zyx
u

++
= , show that 0

2

2

2

2

2

2

=
∂

∂
+

∂

∂
+

∂

∂

z

u

y

u

x

u➨ 
222

1

zyx
u

++
= ( ) 2

1
222 −

++= zyx

Differentiating with respect to x, we get
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Differentiating again with respect to x, we get
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Adding equations (1), (2) and (3), we get
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Adding equations (1), (2) and (3), we get
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Differentiating with respect to x, we get
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From equations (1) and (2), we get
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Exercises
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HOMOGENEOUS FUNCTIONS

A function ( )yxf , of two independent variables x and y is called

homogeneous function of degree n if the function can be written in the

form ( )xygxn / or ( )yxhyn / .

Illustrations
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(c) ( ) ( ) ( ) ( )xygxxyxxyyxf //cos/cos, 00 ===

       is a homogeneous function of degree 0.

Euler’s Theorem of Homogeneous Functions

If ( )yxf ,  be a homogeneous function of x and y of degree n, then
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Therefore, 







′=

∂

∂ −

x

y
gyx

y

f
y

n 1
                   ---(2)

Adding equations (1) and (2), we get
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Hence the proof.

In general if ( )mxxxf ,......., 21 is a homogenous function of degree n,

then

nf
x

f
x.........

x

f
x

x

f
x

x

f
x

m

m

3

3

2

2

1

1 =
∂

∂
++

∂

∂
+

∂

∂
+

∂

∂

Euler’s Extension Theorem

If f is a homogeneous function of x and y with degree n then,

( ) fnn
y

f
y

yx

f
xy

x

f
x 12

2

2
2

2

2

2
2 −=

∂

∂
+

∂∂

∂
+

∂

∂

Proof  By using Euler’s theorem, we have
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Differentiating equation (1) partially with respect to x, we get
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∂∂

∂
+

∂

∂
1

2

2

2
2

                   ---(2)

Differentiate (1) partially with respect to y, we get

y

f
n

y

f

y

f
y

yx

f
x

∂

∂
=

∂

∂
+

∂

∂
+

∂∂

∂
2

22

( )
y

f
n

yx

f
x

y

f
y

∂

∂
−=

∂∂

∂
+

∂

∂
⇒ 1

2

2

2

, multiply y on both sides
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( )
y

f
ny

yx

f
xy

y

f
y

∂

∂
−=

∂∂

∂
+

∂

∂
1

2

2

2
2

                   ---(3)

Adding equations (2) and (3), we get

( ) 








∂

∂
+

∂

∂
−=

∂

∂
+

∂∂

∂
+

∂

∂

y

f
y

x

f
xn

y

f
y

yx

f
xy

x

f
x 12

2

2
2

2

2

2
2

            ( )nfn 1−=

Worked Examples

1.  Verify the Euler’s theorem for 
yx

xy
u

+
=➨ 

yx

xy
u

+
= 









+
=

xy

xy
x

1








=

x

y
xg

Therefore, the given function is homogeneous with degree 1, hence by

Euler’s theorem, we have

u
y

u
y

x

u
x .1=

∂

∂
+

∂

∂

yx

xy
u

+
=

( ) ( )
( )2

1

yx

xyyyx

x

u

+

−+
=

∂

∂

( )2

2

yx

xyyxy

+

−+
=

( )2

2

yx

y

+
=

             
( ) ( )

( )2

1

yx

xyxyx

y

u

+

−+
=

∂

∂

( )2

2

yx

x

+
=

( ) ( )2

2

2

2

yx

yx

yx

xy

y

u
y

x

u
x

+
+

+
=

∂

∂
+

∂

∂
∴

( )
( )

( )22

22

yx

xyxy

yx

yxxy

+

+
=

+

+
=

           
( )

u
yx

xy
=

+
=

u
y

u
y

x

u
x =

∂

∂
+

∂

∂
∴ Hence verified.            
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2. Verify Euler’s theorem for the function ( )xyxu /tan 1−=➨ ( )xyxu /tan 1−=

Here u is homogeneous function with degree 1, hence by Euler’s

theorem, we have

u
y

u
y

x

u
x .1=

∂

∂
+

∂

∂

  ( )xyxu /tan 1−=

( )








+







−

+
=

∂

∂ −

x

y

x

y

xy
x

x

u 1

22
tan.1

/1

1









+

+
−=

∂

∂ −

x

y

yx

xy

x

u 1

22
tan

           







+

+
−=

∂

∂ −

x

y
x

yx

yx

x

u
x

1

22

2

tan

       and 
( )










+
=

∂

∂

xxy
x

y

u 1

/1

1
2 22

2

yx

x

+
=

           
22

2

yx

yx

y

u
y

+
=

∂

∂

22

2
1

22

2

tan
yx

yx

x

y
x

yx

yx

y

u
y

x

u
x

+
+







+

+
−=

∂

∂
+

∂

∂
∴ −

                                      u
x

y
x =








= −1tan

u
y

u
y

x

u
x =

∂

∂
+

∂

∂
∴          Hence verified.            

3. Verify Euler’s theorem for the function

( )( )nn yxyxu ++= 2/12/1➨ ( )( )nn yxyxu ++= 2/12/1

        







+⋅








+=

n

n
n

x

y
x

x

y
x 11

2/1

2/1
2/1

This is only a SAMPLE page. 
Upon purchase, the gray background will be removed. 

To get your personalized e-book / e-copy visit 
www.interlinepublishing.com or 

www.9thclick.com -> Online Shopping -> Books -> E book / E copy



Advanced Mathematics – I174

         





















+






















+⋅=

n

n

x

y

x

y
xx 11

2/1

2/1

         







= +

x

y
gx

n 2/1

Therefore, the given function is a homogeneous with degree 
2

1
+n .

Hence, by Euler’s theorem, we have

un
y

u
y

x

u
x 








+=

∂

∂
+

∂

∂

2

1

( )( )nn yxyxu ++= 2/12/1

( )[ ] ( ) 2/112/12/1

2

1 −− +++=
∂

∂
xyxnxyx

x

u nnn

( ) ( ) 2/12/12/1

2

1
xyxnxyx

x

u
x

nnn +++=
∂

∂
     ---(1)

( ) ( ) 2/112/12/1

2

1 −− +++=
∂

∂
yyxnyyx

y

u nnn

( ) ( ) 2/12/12/1

2

1
yyxnyyx

y

u
y nnn +++=

∂

∂
     ---(2)

Adding equations (1) and (2), we get

( ) ( ) 2/12/12/1

2

1
xyxnxyx

y

u
y

x

u
x nnn +++=

∂

∂
+

∂

∂

( ) ( ) 2/12/12/1

2

1
yyxnyyx

nnn ++++

                    ( )( ) ( )( )2/12/12/12/1

2

1
yxyxyxyxn

nnnn +++++=

                     unu
2

1
+=

un
y

u
y

x

u
x 








+=

∂

∂
+

∂

∂

2

1
                                                              
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4. If 
33

yx
eu

+= , then prove that uu
y

u
y

x

u
x log3=

∂

∂
+

∂

∂➨ 33
yx

eu
+=









+=+=

3

3
333 1log

x

y
xyxu

          





















+=

3

3 1
x

y
x ( )sayf

x

y
hx =








= 3

Therefore, f is homogeneous function of degree 3. Hence, by Euler’s

theorem we have

f
y

f
y

x

f
x 3=

∂

∂
+

∂

∂

( ) ( ) uu
y

yu
x

x log3loglog =
∂

∂
+

∂

∂

u
y

u

u
y

x

u

u
x log3

11
=

∂

∂
⋅+

∂

∂
⋅

u
y

u
y

x

u
x

u
log3

1
=









∂

∂
+

∂

∂

uu
y

u
y

x

u
x log3=

∂

∂
+

∂

∂
                                                                

5.   If 
( )

xy
exyx

xyyxxy
u

/87

33 /sin

+

+
= , then prove that .4u

y

u
y

x

u
x −=

∂

∂
+

∂

∂➨ 
( ) ( ) ( ) ( )[ ]

( )[ ]xyxy
exyx

xyxyxyx

exyx

xyyxxy
u

/8

34

/87

33

/

/sin///sin

+

+
=

+

+
=

                         
( ) ( ) ( )[ ]

( )[ ]
( )xygx

exy

xyxyxyx

xy
/

/

/sin// 4

/

34
−

−

=
+

+
=

Therefore, u is homogeneous function with degree – 4, hence by Euler’s

theorem, we have
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u
y

u
y

x

u
x 4−=

∂

∂
+

∂

∂
           

6. If 








+

+
= −

yx

yx
u

33
1sin prove that u

y

u
y

x

u
x tan2=

∂

∂
+

∂

∂➨ 








+

+
= −

yx

yx
u

33
1sin

 
( )( )
( )[ ]

( )
( )

f
x

y
gx

xy

xy
x

xyx

xyx

yx

yx
u =








=













+

+
=

+

+
=

+

+
= 2

3
2

3333

/1

/1

/1

/1
sin

Now f  is homogeneous function with degree 2, by using Euler’s theorem,

we have

f
y

f
y

x

f
x 2=

∂

∂
+

∂

∂

( ) ( ) uu
x

yu
x

x sin2sinsin =
∂

∂
+

∂

∂

u
y

u
uy

x

u
ux sin2coscos =

∂

∂
+

∂

∂

uu
y

u
y

x

u
x sin2cos =









∂

∂
+

∂

∂

u
y

u
y

x

u
x tan2=

∂

∂
+

∂

∂
                                                                 

7.   If 








−

+
= −

yx

yx
u

33
1tan , prove that

      (i) u
y

u
y

x

u
x 2sin=

∂

∂
+

∂

∂

      (ii) ( ) uu
y

u
y

yx

u
xy

x

u
x 2sinsin412 2

2

2
2

2

2

2
2 −=

∂

∂
+

∂∂

∂
+

∂

∂➨ ( )( )
( )( )xyx

xyx
u

/1

/1
tan

33

−

+
= =

( )( )
( )( )

( ) ( )sayfxygx
xy

xyx
==

−

+
/

/1

/1 2
32
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Now f is homogeneous function with degree 2, hence using Euler’s

theorem, we have

(i) f
y

f
y

x

f
x 2=

∂

∂
+

∂

∂

     
( ) ( )

u
y

u
y

x

u
x tan2

tantan
=

∂

∂
+

∂

∂

     u
y

u
uy

x

u
ux tan2secsec 22 =

∂

∂
+

∂

∂

     uu
y

u
y

x

u
x 2costan2 ×=

∂

∂
+

∂

∂
uuu

u

u
cossin2cos

cos

sin
2

2 =⋅=

     u
y

u
y

x

u
x 2sin=

∂

∂
+

∂

∂
                  ---(1)

(ii) Differentiating (1) partially with respect to x, we get

x

u
u

yx

u
y

x

u

x

u
x

∂

∂
=

∂∂

∂
+

∂

∂
+

∂

∂
2cos2

2

2

2

( )
x

u
u

yx

u
y

x

u
x

∂

∂
−=

∂∂

∂
+

∂

∂
12cos2

2

2

2

, multiply x on both sides, we get

( )
x

u
ux

yx

u
xy

x

u
x

∂

∂
−=

∂∂

∂
+

∂

∂
12cos2

2

2

2
2

                  ---(2)

Differentiating (1) partially with respect to y, we get

( )
y

u
u

y

u

y

u
y

yx

u
x

∂

∂
=

∂

∂
+

∂

∂
+

∂∂

∂
2cos2

2

22

( )
y

u
u

y

u
y

yx

u
x

∂

∂
−=

∂

∂
+

∂∂

∂
12cos2

2

22

, multiply y on both sides, we get

( )
y

u
yu

y

u
y

yx

u
xy

∂

∂
−=

∂

∂
+

∂∂

∂
12cos2

2

2
2

2

                  ---(3)

Adding equations (2) and (3), we get
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( ) 








∂

∂
+

∂

∂
−=

∂∂

∂
+

∂

∂
+

∂

∂

y

u
y

x

u
xu

yx

u
xy

y

u
y

x

u
x 12cos22

2

2

2
2

2

2
2

( )[ ][ ]uu 2sin1sin212 2 −−= [ ] [ ]uu 2sin1sin42 2 −−=

( )( )uu
yx

u
xy

y

u
y

x

u
x 2sinsin412

2
2

2

2
2

2

2
2 −=

∂∂

∂
+

∂

∂
+

∂

∂
∴            

8.   If ( )
222

loglog11
,

yx

yx

xyx
yxf

+

−
++= , prove that

    02 =+
∂

∂
+

∂

∂
f

y

f
y

x

f
x➨     ( )

222

loglog11
,

yx

yx

xyx
yxf

+

−
++=

( )
222

/log11

yx

yx

xyx +
++=

                      
( ) ( )

( )

( )[ ]1/

/log

/

1

/

1

22
222

+
++=

yxy

yx

yxyyxy

                      
( )

( )
( )










+
++=

1/

/log

/

1

/

11
222

yx

yx

yxyxy 







= −

y

x
gy

2

Therefore, ( )yxf , is homogeneous function with degree –2, hence by

using Euler’s theorem, we have

f
y

f
y

x

f
x 2−=

∂

∂
+

∂

∂

               i.e., 02 =+
∂

∂
+

∂

∂
f

y

f
y

x

f
x                                                

9.   If 

















+

+
= −

3

1

3

1

2

1

2

1

1
eccos

yx

yx
u , prove that

This is only a SAMPLE page. 
Upon purchase, the gray background will be removed. 

To get your personalized e-book / e-copy visit 
www.interlinepublishing.com or 

www.9thclick.com -> Online Shopping -> Books -> E book / E copy



Differential Calculus 179

      (i) u
y

u
y

x

u
x tan

6

1
−=

∂

∂
+

∂

∂
and

       (ii) uu
yx

u
xy

y

u
y

x

u
x tansec

6

1
1

6

1
2

2
2

2

2
2

2

2
2









+=

∂∂

∂
+

∂

∂
+

∂

∂➨                
















+

+
= −

3

1

3

1

2

1

2

1

1
eccos

yx

yx
u

3

1

3

1

2

1

2

1

eccos

yx

yx
u

+

+
=

( )

( ) 







+









+

=

3

1
3

1

2

1
2

1

/1

/1

xyx

xyx

( )

( )
( ) fxygx

xy

xy
xu ==

















+

+
= /

/1

/1
eccos 6

1

3

1

2

1

6

1

Therefore, by Euler’s theorem, we have

f
y

f
y

x

f
x

6

1
=

∂

∂
+

∂

∂

(i) ( ) ( ) uu
y

yu
x

x eccos
6

1
eccoseccos =

∂

∂
+

∂

∂

     u
y

u
uuy

x

u
uux eccos

6

1
coteccoscoteccos =

∂

∂
⋅−

∂

∂
−⇒

     u
y

u
y

x

u
xuu eccos

6

1
coteccos =









∂

∂
+

∂

∂
⇒

     
uy

u
y

x

u
x

cot

1

6

1
−=

∂

∂
+

∂

∂
⇒
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     u
y

u
y

x

u
x tan

6

1
−=

∂

∂
+

∂

∂
⇒                   ---(1)

(ii) Differentiating (1) partially with respect to x, we get

x

u
u

yx

u
y

x

u

x

u
x

∂

∂
−=

∂∂

∂
+

∂

∂
+

∂

∂ 2
2

2

2

sec
6

1

x

u
u

xdy

u
y

x

u
x

∂

∂








+−=

∂

∂
+

∂

∂
⇒ 2

2

2

2

sec
6

1
1

Multiply x on both sides, we get

x

u
ux

xdy

u
xy

x

u
x

∂

∂








+−=

∂

∂
+

∂

∂ 2
2

2

2
2 sec

6

1
1                           ---(2)

Differentiating (1) partial with respect to y, we get

y

u
u

y

u

y

u
y

yx

u
x

∂

∂
−=

∂

∂
+

∂

∂
+

∂∂
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u
y
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u
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∂

∂








+−=

∂

∂
+

∂∂

∂ 2

2

22

sec
6

1
1

Multiply y on both sides, we get

y

u
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y

u
y

y

u
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∂

∂








+−=

∂

∂
+

∂

∂ 2

2

2
2

2

2

sec
6

1
1                   ---(3)

Adding equations (2) and (3), we get










∂

∂
+

∂

∂








+−=

∂

∂
+

∂

∂
+

∂

∂

y

u
y

x

u
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u
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y

u
y

x

u
x

2
2

2

2
2

2

2
2 sec

6

1
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            uu tansec
6

1
1

6

1 2








+=                          

10.   If 
yx

yx

eu +=

22

, prove that uu
y

u
y

x

u
x log3=

∂

∂
+

∂

∂
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yx

yx

eu +=

22

( )
( )xyx

xyx

yx

yx
u

/1

/
log

22422

+
=

+
=

( )









+
=

xy

xy
x

/1

/
2

3
f

x

y
gx =








= 3

(say)

Therefore, f is homogenous function of degree 3. Hence by Euler’s
theorem, we have

f
y

f
y

x

f
x 3=

∂

∂
+

∂

∂

( ) ( ) uu
y

yu
x

x log3loglog =
∂

∂
+

∂

∂

u
y

u

u
y

x

u

u
x log3

1
.

1
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∂
+

∂

∂

u
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u
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u
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u
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1
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




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∂

∂
+

∂

∂
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u
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u
x log3=

∂

∂
+

∂

∂
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11.   If ( ) ( ),/tan/tan 212 yxyxyxu −= −
show that

     .22
2

2

2
2

2

2
2

u
yx

u
xy

y

u
y

x

u
x =

∂∂

∂
+

∂

∂
+

∂

∂➨   Let ( )xyxv /tan 12 −=    ----(a), ( )yxyw /tan2=                      ---(b)

    i.e., wvu −=                   ---(1)

By Euler’s extension theorem (a) becomes,
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y

v
y
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v
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x

v
x 1222

2

2
2

2

2

2
2 −=

∂

∂
+

∂∂

∂
+

∂

∂
v2=                     ---(2)

By Euler’s extension theorem (b) becomes,
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x
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Now,  (2) – (3) gives

( ) ( ) ( ) ( )wvwv
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                             

Exercises

1.  Verify Euler’s theorem in the following cases.

(i) 
22 2 byhxyaxf ++=

(ii) 
yx

xy
f

−
=

(iii) 







=

x

y
xf

n log

(iv) yxyxf 233 3++=

(v) 
xyyx

f
++

=
22

1

2.  If ,sin 1















+

+
= −

yx

yx
u prove that

(i) u
y

u
y

x

u
x tan

2

1
=

∂

∂
+

∂

∂

(ii) ( )uu
y

u
y
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u
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x

u
x tantan
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1
2 3
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2
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∂

∂
+

∂∂

∂
+

∂

∂

3.  If ,tan
33

1
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u

+

+
= −

prove that u
y

u
y

x

u
x 2sin=

∂

∂
+

∂

∂

4.  If ( )( ){ }yxyxu ++= − 221sin , show that u
y

u
y

x

u
x tan=

∂

∂
+

∂

∂

5. If ,tansin 11








+







= −−

x

y

y

x
u prove that 0=

∂

∂
+

∂

∂

y

u
y

x

u
x
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