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Exercises
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GAMMA AND BETA FUNCTIONS

In this section we consider two improper integrals called the Gamma

function and the Beta function. These integrals are together known as

Eulerian integrals and these functions play important role in applied

mathematics.

The Gamma Function

The Gamma function is denoted by ( )nΓ  where n is positive real number

or negative fraction and is defined by

( ) ∫
∞
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1
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∞
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2tx = ⇒ tdtdx 2= ,

If 00 =⇒= tx , if ∞=⇒∞= tx

Therefore,   ( ) ∫
∞

−−=Γ

0

12 2

2 dtetn
tn

This is the other form of Gamma function.
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Recurrence formula

Prove that ( ) ( )nnn Γ=+Γ 1

Proof  We know that ( ) ∫
∞
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This is the recurrence formula for ( )nΓ

Prove that ( ) ( )!1−=Γ nn , where n is positive integer

Proof  We know that ( ) ∫
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Similarly ( ) !34 =Γ

In general ( ) ( )!1−=Γ nn

Generalized Recurrence Formula

Prove that ( ) ( )( ) ( ) ( )nknnnnkn Γ+++=++Γ ................211

Where n is positive real number or a negative non-integer and k is

positive integer.
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Proof  We shall prove the relation by mathematical induction.

(1) If k = 1 the given result gives,

( ) ( ) ( )nnnn Γ+=+Γ 12

LHS ( )2+Γ= n ( )11++Γ= n

        ( ) ( )11 +Γ+= nn ( ) ( )nnn Γ+= 1

        ( ) ( )nnn Γ+= 1

         = RHS

Therefore, result is true for k = 1

(2) Assume the result is true for k = m

 i.e., ( ) ( )( ) ( ) ( )nmnnnnmn Γ+++=++Γ ................211     -----(1)

(3) If k = m+1 the given result gives

 ( ) ( )( ) ( )( ) ( )nmnmnnnnmn Γ++++++=++Γ 1.............212

LHS = ( )2++Γ mn

        ( )11 +++Γ= mn

        ( ) ( )11 ++Γ++= mnmn

        ( ) ( )( ) ( ) ( )[ ]nmnnnnmn Γ+++++= .........211 [From equation (1)]

        ( )( ) ( )( ) ( )nmnmnnnn Γ+++++= 1..........21

         = RHS

Therefore, the result is true for k = m + 1

Hence, the result is true for all values of k
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Now, we use the polar coordinates to evaluate the above integral

i.e., x = r cosθ , y = r sin θ , θrdrddxdy =

      given ∞→0:x y:   0 → ∞

Figure 3.10
From the figure, we have

   ∞→0:r , 2/0: πθ →
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