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+
cdxdt
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+
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−
+−                       ---(3)

(2) becomes,       ∫ ∫ +=








−
+− cdxdt

t)41(

1

4

9

4

1

    
( )

cx
t
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−

−
+−

4

41log

4

9

4

1

     ( ) cxt
t

+=−−− 41log
16

9

4

( )
( )( ) cxyx

yx
=−−−−

−
− 3241log

16

9

4

32

( ) cxyx
yx

−=++−+
−

1281log
16

9

4

32

( ) ( ) cxyxyx 16161281log9324 −=++−+−

( ) 11281log91224 cyxyx =+−+−            

3. Solve ( ) ( )dxyxdyyx 3522 +−=+−➨  ( ) ( )dxyxdyyx 3522 +−=+−

                     
522

3

+−

+−
=

yx

yx

dx

dy

( ) 52

3

+−

+−
=

yx

yx
                     ---(1)

Put tyx =− ⇒  
dx

dt

dx

dy
=−1

                      
dx

dy

dx

dt
=−1

(1) becomes,   
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3
1

+

+
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t

t
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dt
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52

3
1

+

+
−=

t

t

dx

dt ( )
52

352

+

+−+
=

t

tt

            
52

2

+

+
=

t

t

dx

dt

        dxdt
t

t
=

+

+

2

52

      ∫ ∫ +=
+

+
cdxdt

t

t

2

52

 ∫ +=
+

++
cxdt

t

t

2

142

( )
∫ +=

+

++
cxdt

t

t

2

122

∫ +=








+
+ cxdt

t 2

1
2

( ) cxtt +=++ 2log2

( ) ( ) cxyxyx =−+−+− 2log2

( ) cyxyx =+−+− 2log2            

4. Solve ( )( ) dydxdydxyx +=−+ 2➨  ( )( ) dydxdydxyx +=−+ 2

         ( ) ( ) dydxdyyxdxyx +=+−+ 22

         ( ) ( )dyyxdydxdxyx 22 ++=−+

         ( ) ( )dyyxdxyx 1212 ++=−+

                            
12

12

++

−+
=

yx

yx

dx

dy
                          ---(1)

Put tyx =+ 2 ⇒  
dx

dt

dx

dy
=+ 21

                              12 −=
dx

dt

dx

dy

                                 







−= 1

2

1

dx

dt

dx

dy
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∴(1) becomes,      
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


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
−

t

t

dx

dt

                     
( )

1
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−
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t
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dt

                           1
1
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−
=

t

t

dx

dt
  

1
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+

++−
=

t
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1
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−
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t

t
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dt

                  dxdt
t

t
=

−

+
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1

               ∫ ∫ +=
−

+
cdxdt

t

t

13

1
                      ---(2)

) ( 3/1113 +− tt

         3/1−t

             3/4
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3

4

3

1
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3/4

3

1
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1

−
+=

−
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−

+

ttt

t
                           ---(3)

Substituting (3) in (2), we get

∫ ∫ +=








−
+ cdxdt

t )13(

1

3

4

3

1

( )
cx

t
t +=

−
+

3

13log

3

4

3

1

  ( ) cxt
t

+=−+ 13log
9

4

3

  ( ) cxtt 9913log43 +=−+

            ( ) ( )[ ] 19123log423 cxyxyx +=−+++ , where cc 91 =

[ ] 1163log466 cyxxy =−++−            

5. Solve 
532

523

+−

−+
=

yx

yx

dx

dy➨  
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=
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dx
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Put hXx +=  and kYy +=

dX

dY

dx

dy
=∴

∴The given equation becomes,

( ) ( )
( ) ( ) 532

523

++−+

−+++
=

kYhX

kYhX

dX

dY

53232

52323

+−+−

−+++
=

khYX

khYX

dX

dY
                  ---(1)

Now choose 0523 =−+ kh ,  0532 =+− kh
Solving the above equations, we get

13

25
,
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5
== kh

∴(1) becomes,     
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+
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+
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+
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V
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( ) cXVV +=+−− log31log
2

3
tan2 21

cX
X

Y

X

Y
+=








+−







− log31log
2

3
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2

2
1

( )

( ) 






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−
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1log

2

3
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13/25
tan2

x

y

x

y
( ) cx +−= 13/5log3   

6. Solve ( ) ( )dyxydxxy 35 ++=+−➨  ( ) ( )dyxydxxy 35 ++=+−

3

5

++

+−
=

xy

xy

dx

dy

Put hXxkYy +=+= ,
dX

dY

dx

dy
=⇒

( ) ( )
( ) ( ) 3

5
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++−+
=∴

hXkY
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dX
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( )
( )3

5

++++

+−+−
=

hkXY

hkXY

dX

dY

choose 05 =+− hk

            03 =++ hk

Solving the above equations, we get

1,4 =−= hk

Therefore, 
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+

−
=
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V

V

V
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X
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+
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+

−−−
=

1

1

1

1 22

X

dX
dV

V

V
−=

+

+
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1

∫ ∫ +−=
+

+
c

X

dX
dV

V

V
21

1

cXdV
V

V

V
+−=









+
+

+∫ log
11

1
22

( ) cXVV =+++− log1log
2

1
tan 21

( ) 1

21 log21logtan2 cXVV =+++−
, where cc 21 =

( )[ ] 1

221 1logtan2 cXV
X

Y
=++







−

[ ] 1

2221 logtan2 cXVX
X

Y
=++







−

[ ] 1

221 logtan2 cYX
X

Y
=++







−

( ) ( )[ ] 1

221 41log
1

4
tan2 cyx

x

y
=++−+









−

+−
                        

Exercises

1) 
5

1

+−

+−
=

xy

xy

dx

dy

2)    ( ) ( ) 0364123 =−−++− dxxydyyx

3)    ( ) ( ) 012412 =−++++ dyyxdxyx

4)    ( ) ( ) 0564432 =++−++ dyyxdxyx

5)    ( ) ( ) 012342 =+−++− dxyxdyyx

6) 
43

726

+−

−−
=

yx

yx

dx

dy

7)    
1

1

++

−+
=

yx

yx

dx

dy
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8)    ( ) ( ) 03222 =−−−−− dyyxdxyx

9)   ( ) ( )dyyxdxyx 232132 ++=−+  given that 3=y  when 1=x

10)  ( ) ( ) 0232164 =+−−−− dyyxdxyx

11)  
322

1

++

++
=

yx

yx

dx

dy
    12)  

32

1

−+

+−
=

yx

yx

dx

dy

13)  ( ) ( ) 010262092 =−+−−+ dyyxdxyx

14)  
523

1

−−

−
=

yx

x

dx

dy

15)  ( ) ( ) 02213 =−+−− dxyxdyyx

16)  ( ) ( )dtxtdxxt −=+− 78

17)  ( ) ( ) 01252 =−+−+− dyyxdxyx

18)  ( ) yxyyx 372435 −+=′−+

19) 
125

152

−+

++
=

yx

yx

dx

dy

Answers

1)    ( ) cxyxy =−+− 210
2

2)    ( ) cyxyx =+−−− 323log2

3)    ( ) cyxyx =−+−+ 336log2

4)    ( ) cyxyx =++−+ 222114log94221

5)    ( ) ( )( ) cyxyx =+−−+ 544log24

6) ( ) cyxyx =+−−− 153log152

7)    ( ) cyxyx +−=+log

8)    ( ) cyxyx =−−−− 122log2

9)    ( ) 4log34732log3 +=−+++ yxyx

10)  cyxyxx +















−−+−−=

4

7
32log

4

15
32

4

1

11)  ( ) ( ) cyxxy =−++− 433log23

12)  cyyxx =







−−








−








−−








−

22

3

4
2

3

4

3

1
2

3

1
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13)  ( )2
252 yxcyx −=−+

14)  ( ) ( )2
322 +−=+− xykxy

15)  ( ) ( )24
1241 −−=−+ yxcyx

16)  ( ) ctxtxx =++−− 71428 22

17)  cyxxyyx =++−− 210422

18)  cyyxyxx =+−−+ 22 410647

19) ( )
3

7

3

2








−−=+ yxcyx

LINEAR DIFFERENTIAL EQUATIONS

The differential equation of the form

                   ( ) ( )xQyxP
dx

dy
=+ ,                                 ---(1)

where ( )xP and ( )xQ  are functions of x only is called linear differential

equation in y

OR               ( ) ( )yQxyP
dy

dx
=+                           ---(2)

where, ( )yP and ( )yQ  are functions of y only is called linear

differential equation in x.

If the differential equation can be put in the form ( ) ( )xQyxP
dx

dy
=+ ,

then multiply the given equation by 
( )dxxp

e
∫

, we get

PdxPdxPdx
QePye

dx

dy
e

∫∫∫ =+

∫=





 ∫+∫ PdxPdxPdx

Qee
dx

d
y

dx

dy
e

i.e., ( ) PdxPdx
Qeye

dx

d ∫∫ =

Integrating, we get

cdxQeye PdxPdx +∫= ∫∫
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i.e., ( ) ( ) cdxFIQFIy +∫= .... , where I.F ∫=
Pdx

e

which is the required general solution.

Working Rule

Case (i) If the differential equation is linear in y i.e., equation (1), then

Step (1) Find the integration factor (I.F.)

                   I.F.= e
( )dxxP∫

Step (2) Substitute IF in the equation

( ) ( ) cdxFIQFIy +∫= ....

On integrating the RHS of the above equation, we get the solution of the

given differential equation.

Case (ii) If the differential equation is linear in x i.e., equation (2)

Step (1) Find the integration factor (I.F.)

I.F. = 
( )∫ dyyP

e

Step (2) Substitute IF in the equation

( ) ( ) ( )∫ += cdyFIyQFIx ....

On integrating the RHS of the above equation, we get the solution of the

given differential equation.

Worked Examples

1. Solve xxy
dx

dy
sincot =+➨  xxy

dx

dy
sincot =+ , this is linear in y

               xQxP sincot ==

xeeeFI
xxdxPdx sin. sinlogcot ==== ∫∫

Therefore, the solution of the given equation is

 ( ) ( ) cdxFIQFIy +∫= ....

( ) ( )( ) cdxxxxy +∫= sinsinsin

             cxdx +∫= 2sin
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             cdx
x

+
−

∫=
2

2cos1
                

2

2cos1
sin 2 A

A
−

=

             = cdxx +







−∫ 2cos

2

1

2

1

             = c
x

x +−
2

2sin

2

1

2

1

 cxxxy +−= 2sin
4

1

2

1
sin            

2. Solve xy
dx

dy
xx log2log =+➨  xy

dx

dy
xx log2log =+

Divide on both sides by xx log , we get

x
y

xxdx

dy 2

log

1
=+ , this is linear in y

x
Q

xx
P

2

log

1
==

 I.F =
dx

xxPdx
ee
∫

=∫ log

1

Put tx =log ⇒ ( ) dtdxx =/1

( )
xteeFI

tdtt
log. log/1

===∫=∴

Therefore, the solution of the given equation is

             ( ) ( )∫ += cdxFIQFIy ..

∫ += cxdx
x

xy log
2

log

Put tx =log ⇒ ( ) dtdxx =/1

∫ +=∴ ctdtxy 2log ct += 2

∴ ( ) ( ) cxxy +=
2

loglog            
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