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Worked Examples

1.  Expand xsin  in powers of ( )2/π−x➨         ( ) ( ) 12/sin =⇒= πfxxf
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2.  Expand xsinlog  in powers of 2−x➨         ( ) ( ) 2sinlog2sinlog =⇒= fxxf
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3.  Expand xlog in ascending powers of 1−x➨ Let   ( ) 01log =⇒= yxy
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4. Expand xcoslog in ascending powers of 3/π−x➨ Let 
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5.  Expand ( )x+1log  by using Maclaurin’s series➨  Let ( ) ( ) ( ) 001log =⇒+= fxxf
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6. Obtain the Maclaurin's series expansion of the function 
x

e➨ Let   ( ) 10 =⇒= yey x
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7. Obtain the Maclaurin's series expansion of the function xsin➨ Let xy sin= ⇒ ( ) 00 =y
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Therefore,
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8. Obtain the Maclaurin's series expansion of the function x2sin1+➨
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9. Obtain the Maclaurin's series expansion of the function 
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10. Obtain the Maclaurin's series expansion of the function xseclog➨ Let ( ) 00seclog =⇒= yxy
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11. Obtain the Maclaurin's series expansion of the function ( )xe+1log➨ Let  ( ) ( ) 2log01log =⇒+= yey x
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Differentiating (1) with respect to x, we get
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12. Expand ( )xcos1log + by Maclaurin’s series upto the term
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13. Obtain the Maclaurin's series expansion of the function xe
x sin➨ Let  ( ) 00sin =⇒= yxey x
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Exercises

I.

1) Expand xsin in ascending powers of ( )2/π−x

2) Expand xlog in powers of ( )2−x

3) Obtain Taylor’s expansion of x
1tan−

 in powers of ( )1−x  up to the

term containing ( )3
1−x

4) Expand xsinlog in ascending powers of ( )3−x

5) Expand xlog in powers of ( )1−x

6) Obtain Taylor's series for the function xcos about 4/π

II. Obtain the Maclaurin’s expansions of the following functions

1) xsec 2) x
1sin −

3) ( )xcos1log +

4) ( )xtan1log + 5) 
x

e
cos

6) 
x

e
1tan−

7) 
xx

e
cos

8) x
2sec

9) xe
x sec 10) ( )xsin1log +

11) ( )xe+1log 12) ( )xx tanseclog +

13) xcoslog 14) xe
x cos 15)  

x
e

sin
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Answers

I.
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12) −−−+++
246

53
xx

x 13) −−−+−−−
45122

642
xxx

14) −−−++−−+
!5

4

!4

4

!3

2
1

543
xxx

x

15) −−−+−++
82

1
42

xx
x

PARTIAL DIFFERENTIATION

Functions of Two or More Variables

So far, we have been dealing with the functions of a single independent

variable.  We often come across quantities, which depend on two or more

variables.  For example, the volume (V) of a gas is a function of pressure

(P) and temperature (T), i.e., ( )TPVV ,=

Partial Derivatives

Consider a function ( )yxf ,  which depends on two independent

variables x and y, denoted by ( )., yxff =  The partial derivative of

( )yxf ,  with respect to x is the ordinary derivative of ( )yxf ,  when y is

regarded as a constant.  It is written as xf ∂∂ / or fDx or xf

Thus, 
( ) ( )

.
,,

lim
0 h

yxfyhxf

x

f

h

−+
=

∂

∂

→

Similarly, the partial derivative of ( )yxf ,  with respect to y is the

ordinary derivative of ( )yxf ,  when x is regarded as a constant.

Thus, 
( ) ( )

k

yxfkyxf

y

f

ok

,,
lim

−+
=

∂

∂

→

The partial derivatives of xf  and yf  are yyyxxyxx ffff ,,,

or 
2

222

2

2

,,,
y

f

yx

f

xy

f

x

f

∂

∂

∂∂

∂

∂∂

∂

∂

∂
 respectively

It should be noted that
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








∂

∂

∂

∂
=

∂

∂









∂

∂

∂

∂
=

∂

∂










∂

∂

∂

∂
=

∂∂

∂









∂

∂

∂

∂
=

∂∂

∂

y

f

yy

f
and

x

f

xx

f

y

f

xyx

f

x

f

yxy

f

2

2

2

2

22

,,

The student will be able to convince himself/herself that in all ordinary

cases,

     
xy

f

yx

f

∂∂

∂
=

∂∂

∂ 22

Worked Examples

1. If 
xy yxz +=  prove that 

xy

z

yx

z

∂∂

∂
=

∂∂

∂ 22➨ xy yxz +=

Differentiating partially with respect to x, we get

yyyx
x

z xy log1 +=
∂

∂ −

Next, differentiating partially with respect to y, we get

( )
y

yxxxy
x

z

y

xyy 1
1log 11 ⋅+⋅+=









∂

∂

∂

∂ −− ( )1log −+ xxyy

[ ] [ ]yxyxyx
xy

z xy log11log 11
2

+++=
∂∂

∂ −−
                  ---(1)

Now differentiating z partially with respect to y, we get

1log −+=
∂

∂ xy xyxx
y

z

Differentiating this partially with respect to x, we get

( ) 1loglog
1 111 ⋅+++=









∂

∂

∂

∂ −−− xxyy
yyxyyxx

x
x

y

z

x

[ ] [ ]1loglog1 11
2

+++=
∂∂

∂ −−
yxyxyx

yx

z xy
                          ---(2)

From equation (1) and (2), we have
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xy

z

yx

z

∂∂

∂
=

∂∂

∂ 22

           

2. If ( ),byaxfez byax −= +
 prove that abz

y

z
a

x

z
b 2=

∂

∂
+

∂

∂➨ Let byaxvubyax −==+

                       b
y

v
a

x

v
b

y

u
a

x

u
−=

∂

∂
=

∂

∂
=

∂

∂
=

∂

∂
,,

Therefore,        ( )vfez u=

                    ( ) ( )
x

v
vfevf

x

u
e

x

z uu

∂

∂
′+

∂

∂
=

∂

∂
. ( ) ( ) ( )( )avfevfae uu ′+=

                    ( ) ( )[ ]vfvfae
x

z u ′+=
∂

∂
                                ---(1)

                    ( ) ( )vf
y

u
e

y

v
vfe

y

z uu ..
∂

∂
+

∂

∂
′=

∂

∂
 ( )( ) ( ) .bvfebvfe uu +−′=

                    ( ) ( )[ ]vfvfbe
y

z u ′−=
∂

∂
                               ---(2)

     =
∂

∂
+

∂

∂
∴

y

z
a

x

z
b  ( ) ( )[ ] ( ) ( )[ ]vfvfabevfvfabe uu ′−+′+

                            ( ) ( ) ( ) ( )[ ]vfvfvfvfabeu ′−+′+= ( )[ ]vfabeu 2=

                            ( )[ ]vfezabz u== ∵2               

3.   If 
yx

z

xz

y

zy

x
u

+
+

+
+

+
= , prove that

     0=
∂

∂
+

∂

∂
+

∂

∂

z

u
z

y

u
y

x

u
x➨               

yx

z

xz

y

zy

x
u

+
+

+
+

+
=

                 
( ) ( ) 














+

−
+










+

−
+

+
=

∂

∂
22

111

yx
z

xz
y

zyx

u
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( ) ( )22

1

yx

z

xz

y

zyx

u

+
−

+
−

+
=

∂

∂

Similarly, 
( ) ( )22

1

yx

z

xzzy

x

y

u

+
−

+
+

+
−=

∂

∂

                
( ) ( ) ( )yxxz

y

zy

x

z

u

+
+

+
−

+
−=

∂

∂ 1
22

z

u
z

y

u
y

x

u
x

∂

∂
+

∂

∂
+

∂

∂

( ) ( ) ( ) xz

y

zy

xy

yx

xz

xz

xy

zy

x

+
+

+
−

+
−

+
−

+
=

222

                                            
( ) ( ) ( ) ( )yx

z

xz

yz

zy

xz

yx

yz

+
+

+
−

+
−

+
−

222

( )
( )

( )
( )

( )
( ) 











+

+
+

+

+
+

+

+
−








+
+

+
+

+
=

222
zy

zyx

yx

yxz

xz

xzy

yx

z

xz

y

zy

x

( ) ( ) ( )
0=









+
+

+
+

+
−








+
+

+
+

+
=

zy

x

yx

z

xz

y

yx

z

xz

y

zy

x
           

4. If ( ) 22 yxyxu +=+ , then prove that

   








∂

∂
−

∂

∂
−=









∂

∂
−

∂

∂

y

u

x

u

y

u

x

u
14

2➨ ( ) 22 yxyxu +=+

  
yx

yx
u

+

+
=⇒

22

                  ---(1)

Differentiating (1) partially with respect to x, we get

( )( ) ( )
( )2

222

yx

yxxyx

x

u

+

+−+
=

∂

∂

( )2

22 2

yx

yxyx

+

−+
=

Differentiating (1) partially with respect to y, we get
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( )( ) ( )
( )2

222

yx

yxyyx

y

u

+

+−+
=

∂

∂

( )2

22 2

yx

xxyy

+

−+
=

( ) ( )

2

2

22

2

222

22









+

−+
−

+

−+
=









∂

∂
−

∂

∂

yx

xxyy

yx

yxyx

y

u

x

u

         
( )
( )

2

2

222









+

−
=

yx

yx ( )( )
( )

2

2

2









+

−+
=

yx

yxyx

                      
( )

( )2

2
4

yx

yx

+

−
=                                ---(2)

( ) ( )









+

−+
−

+

−+
−=









∂

∂
−

∂

∂
−

2

22

2

22 22
1414

yx

xxyy

yx

yxyx

y

u

x

u

                           
( ) ( ) ( )

( )









+

−+−−+−+
=

2

22222
22

4
yx

xxyyyxyxyx

                           
( )

( )









+

+−−+−−+
=

2

22222
22

4
yx

xxyyyxyxyx

              
( )

( ) 











+

−+
=

2

2
4

4
yx

xyyx ( )
( )2

2
4

yx

yx

+

−
=                   ---(3)

Therefore, 








∂

∂
−

∂

∂
−=









∂

∂
−

∂

∂

y

u

x

u

y

u

x

u
14

2

           

5.  If ( ) ( )222
2 yxbyaxz +−+= and 122 =+ ba , then prove that

    0
2

2

2

2

=
∂

∂
+

∂

∂

y

z

x

z➨ ( ) ( )222
2 yxbyaxz +−+=                                ---(1)

Differentiating partially with respect to x, we get
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( )( ) ( ) xabyxaxbyaxa
x

z
24424 2 −+=−+=

∂

∂

Differentiating again, we get

24 2

2

2

−=
∂

∂
a

x

z

Now differentiating (1) partially with respect to y, we get

( )( ) ( ) yybabxybbyax
y

z
24424 2 −+=−+=

∂

∂

Differentiating again, we get

24 2

2

2

−=
∂

∂
b

y

z

Therefore,

2424 22

2

2

2

2

−+−=
∂

∂
+

∂

∂
ba

y

z

x

z

      ( ) 44 22 −+= ba ( ) 414 −= 0=            

6. If xzzyyxu 222 ++= , prove that ( )2
zyx

z

u

y

u

x

u
++=

∂

∂
+

∂

∂
+

∂

∂➨ xzzyyxu 222 ++=                   ---(1)

Differentiating (1) partially with respect to x, we get

22 zxy
x

u
+=

∂

∂
                  ---(2)

Differentiating (1) partially with respect to y, we get

22 xyz
y

u
+=

∂

∂
                  ---(3)

Differentiating (1) partially with respect to z, we get

22 yzx
z

u
+=

∂

∂
                  ---(4)

Adding equations (2), (3) and (4), we get

222 222 yzxxyzzxy
z

u

y

u

x

u
+++++=

∂

∂
+

∂

∂
+

∂

∂

                         zxyzxyzyx 222222 +++++=
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         ( )2
zyx

x

u

y

u

x

u
++=

∂

∂
+

∂

∂
+

∂

∂
∴            

7. If 
r

u
1

= where ( ) ( ) ( )2222
czbyaxr −+−+−= prove that

      0
2

2

2

2

2

2

=
∂

∂
+

∂

∂
+

∂

∂

z

u

y

u

x

u➨ 
r

u
1

=                   ---(1)

Where ( ) ( ) ( )2222
czbyaxr −+−+−=

( )ax
x

r
r −=

∂

∂
⋅ 22

( )
r

ax

x

r −
=

∂

∂
⇒

Similarly, 
( ) ( )

r

cz

z

r

r

by

y

r −
=

∂

∂−
=

∂

∂
,

Differentiating (1) with respect to x partially, we get

r

ax

rx

r

rx

u −
−=

∂

∂
⋅−=

∂

∂
22

11
( )ax

r
−−=

3

1

 Differentiating again with respect to x, we get

( ) ( )( ) ( )
( )






 −
−−−=

















∂

∂
⋅−−−=

∂

∂

r

ax
raxr

rx

r
raxr

rx

u 23

6

23

62

2

3
1

31
1

        ( )[ ]23

6
3

1
axrr

r
−−−= ( )[ ]22

5
3

1
axr

r
−−−=                   ---(2)

Similarly, ( )[ ]22

52

2

3
1

byr
ry

u
−−−=

∂

∂
                  ---(3)

   ( )[ ]22

52

2

3
1

czr
rz

u
−−−=

∂

∂
                  ---(4)

Adding equations (2), (3) and (4), we get

( ) ( ) ( )
5

22

5

22

5

22

2

2

2

2

2

2 333

r

czr

r

byr

r

axr

z

u

y

u

x

u −−
−

−−
−

−−
−=

∂

∂
+

∂

∂
+

∂

∂

                          ( ) ( ) ( )[ ]222222

5
333

1
czrbyraxr

r
−−+−−+−−−=
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                          ( ) ( ) ( )[ ]






 −+−+−−−=

2222

5
33

1
czbyaxr

r

                          ( )22

5
33

1
rr

r
−−= 0=            

8. If ( )( )( )yxxzzyu −−−= show that 0=
∂

∂
+

∂

∂
+

∂

∂

z

u

y

u

x

u➨ ( )( )( )yxxzzyu −−−=                   ---(1)

Differentiating (1) partially with respect to x, we get

( ) ( ) ( )( ){ }yxxzzy
x

u
−−+−−=

∂

∂
11

      ( )( ) ( )( )yxzyxzzy −−−−−=                   ---(2)

Differentiating (1) partially with respect to y, we get

( )( )( ) ( )( ) 1.1 yxxzzyxz
y

u
−−+−−−=

∂

∂

       ( )( ) ( )( )yxxzzyxz −−+−−−=                   ---(3)

Differentiating (1) partially with respect to z, we get

( )( ) ( )( )( )11 −−−+−−=
∂

∂
xzyxzyyx

z

u

      ( )( ) ( )( )xzyxzyyx −−−−−=                   ---(4)

Adding equations (2), (3) and (4), we get

( )( ) ( )( )yxzyxzzy
z

u

y

u

x

u
−−−−−=

∂

∂
+

∂

∂
+

∂

∂
∴

     ( )( ) ( )( )yxxzzyxz −−+−−−

     ( )( ) ( )( )xzyxzyyx −−−−−+

    0
z

u

y

u

x

u
=

∂

∂
+

∂

∂
+

∂

∂
           

9. If ( ) ( ) ( )nnn
xzzyyxu −+−+−= , show that 0=

∂

∂
+

∂

∂
+

∂

∂

z

u

y

u

x

u➨ ( ) ( ) ( )nnn
xzzyyxu −+−+−=                                ---(1)
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Differentiating (1) partially with respect to x, we get

( ) ( ) ( ) ( ) ( ) 1111
1

−−−−
−−−=−−+−=

∂

∂ nnnn
xznyxnxznyxn

x

u
       ---(2)

Differentiating (1) partially with respect to y, we get

( ) ( ) ( ) ( ) ( ) 1111
1

−−−−
−+−−=−+−−=

∂

∂ nnnn
zynyxnzynyxn

y

u
    ---(3)

Differentiating (1) partially with respect to z, we get

( ) ( ) ( ) ( ) ( ) 1111
1

−−−−
−+−−=−+−−=

∂

∂ nnnn
xznzynxznzyn

z

u
     ---(4)

Adding equations (2), (3) and (4), we get

( ) ( ) ( ) ( )[
( ) ( ) ]11

1111

−−

−−−−

−+−−

−+−−−−−=
∂

∂
+

∂

∂
+

∂

∂

nn

nnnn

xzzy

zyyxxzyxn
z

u

y

u

x

u

                         [ ]0n= 0=                                      

10. If ( ) 222 yxrandrfu +== , show that

     ( ) ( )rf
r

rf
y

u

x

u
′+′′=

∂

∂
+

∂

∂ 1
2

2

2

2➨       
222 yxr +=

x
x

r
r 2.2 =

∂

∂

r

x

x

r
=

∂

∂
⇒

Similarly, 
r

y

y

r
=

∂

∂

Given ( )rfu =

          ( ) ( )
( )

r

rfx
rf

r

x

x

r
rf

x

u ′
=′=

∂

∂
′=

∂

∂

        ( )( ) ( ) 






∂

∂
′−′

∂

∂
=

∂

∂

x

r
rfxrfx

x
r

rx

u
22

2 1

         ( ) ( ) ( )








∂

∂
′−





′+

∂

∂
′′=

∂

∂
∴

x

r
rfxrf

x

r
rfxr

rx

u
22

2 1

       ( ) ( ) ( ) 





′−′+′′=

r

x
rfxrfr

r

x
rfrx

r
.

1
2
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Adding equations (1) and (2), we get
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11.  If 
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Differentiating with respect to x, we get
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