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3. Find the angle between the pairs of curves

   θθ 2sin1642sin 22 == rr➨ θθ 2sin1642sin 22 == rr

Differentiating both equations with respect to θ , we get

    022sin2.2cos2 =+
θ

θθ
d

dr
rr 22cos162 ⋅= θ

θd

dr
r

    22cos.2sin2 2 ⋅−= θ
θ

θ r
d

dr
r θ

θ
2cos16=

d

dr
r

        
θ

θ

θ 2sin

2cosr

d

dr
−=

rd

dr θ

θ

2cos16
=

        
θ

θθ

2cos

2sin

rdr

d
−=                             

θ

θ

2cos16

r

dr

d
=

     
θ

θθ

2cos

2sin
−=

dr

d
r            

θ

θ

2cos16

2
r

dr

d
r =

              θ2tan−=               
θ

θ

2cos16

2sin16
=

( )θπ 2tan −=                                 θ2tan=

Therefore, ( ) ( )θπθφ 2tan/tan 1 −== drdr θπφ 21 −=⇒

and ( ) ( )θθφ 2tan/tan 2 == drdr θφ 22 =⇒

               21 φφφ −= θθπ 22 −−= θπ 4−=

we have, θθ 2sin1642sin 22 == rr

θ
θ

2sin16
2sin

4
=

        ( ) θ2sin4/1 2=

        2/12sin =θ

        ( )2/1sin2 1−=θ 6/π= 12/πθ =⇒

                    
12

4π
πφ −=∴

3

2π
=            
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4. Find the angle between the pairs of curves

   ( ) θθ cos2cos1 arar =−=➨ ( ) θθ cos2cos1 arar =−=

θ
θ

sina
d

dr
= θ

θ
sin2a

d

dr
−=

θ

θ

sin

1

adr

d
=

θ

θ

sin2

1

adr

d
−=

          
θ

θ

sina

r

dr

d
r =            

θ

θ

sin2a

r

dr

d
r −=

                    
( )

θ

θ

sin

cos1

a

a −
=                     

θ

θ

sin2

cos2

a

a
−=

       
( )

( ) ( )2/cos2/sin2

2/sin2 2

θθ

θ
=                      θcot−=

                    







=

2
tan

θ
                                                 








+= θ

π

2
tan

Therefore, ( ) ( )2/tan/tan 1 θθφ == drdr 2/1 θφ =⇒

and ( ) ( )( )θπθφ +== 2/tan/tan 2 drdr ( ) θπφ +=⇒ 2/2

We have, ( ) θθ cos2cos1 arar =−=

                 ( ) θθ cos2cos1 aa =−

    3/1coscos31cos2cos1 =⇒=⇒=− θθθθ

    ( )3/1cos 1−=θ

    12 φφφ −=
22

θ
θ

π
−+








=  

3

1
cos

2

1

222

1−+=+=
πθπ

    







+= −

3

1
cos

2

1 1πφ            

5. Find the angle between the pairs of curves

   
θ

θ
log

log
a

rar ==
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θ

θ
log

log
a

rar ==

  
θθ

a

d

dr
=  

( ) θθθ

1

log
2

a

d

dr
−=

  
adr

d θθ
=

( )
adr

d
2

logθθθ
−=

a
r

dr

d
r

θθ
⋅=  

( )
a

r

dr

d
r

2
logθθθ

−=

a

a

dr

d
r

θθθ ⋅
=

log
          

( )
a

a
2

log

log

θθ

θ
⋅−=

           ( ) θθθφ log/tan 1 == drdr ( ) θθθφ log/tan 2 −== drdr

We have, 
θ

θ
log

log
a

rar ==

θ
θ

log
log

a
a =  or e=⇒= θθ 1log

    ( )
21

21
21

tantan1

tantan
tan

φφ

φφ
φφ

+

−
=−

( )22 log1

log2

θθ

θθ

−
=

21

2

e

e

−
=

            
2

1

21
1

2
tan

e

e

−
=− −φφ                         

6.  Show that the following pair of curves intersect orthogonally

    arar == θθ➨ arar == θθ

Differentiating with respect to θ , we get

  a
d

dr
=

θ
                         ( ) 01 =+

θ
θ

d

dr
r

  
adr

d 1
=

θ
                                   r

d

dr
−=

θ
θ

a

r

dr

d
r =

θ
                                      

θθ

r

d

dr
−=
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rdr

d θθ
−=

              
r

a

dr

d
r −=−= θ

θ

( )
a

r
drdr == /tan 1 θφ                                                          ---(1)

( )
r

a
drdr −=−== θθφ /tan 2                                              ---(2)

From equations (1) and (2), we have

1tan.tan 21 −=







−⋅=

r

a

a

r
φφ

Hence, the given curves intersect orthogonally.            

7. Show that the following pair of curves intersect orthogonally

   θθ cos2,sin2 == rr➨    θsin2=r                                       θcos2=r

      θ
θ

cos2=
d

dr
                                     θ

θ
sin2−=

d

dr

    
θ

θ

cos2

r

dr

d
r =                                     

θ

θ

sin2

1
−=

dr

d

              
θ

θ

cos2

sin2
=                      

θ

θ

sin2

r

dr

d
r −=

 θtan=          θ
θ

θ
cot

sin2

cos2
−=−=

θφ tantan 1 =                    ---(1)

θφ cottan 2 −=                 ---(2)

From equations (1) and (2), we have

( )( )θθφφ cottantantan 21 −=⋅ 1−=

Hence, the given curves intersect orthogonally.            

8. Show that the following pair of curves intersect orthogonally

   θθ nbrnar nnnn sin,cos ==➨ θθ nbrnar nnnn sin,cos ==
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Differentiating with respect to θ , we get

[ ] nnb
d

dr
nrnna

d

dr
nr

nnnn .cos.sin 11 θ
θ

θ
θ

=−= −−

θ
θ

θ
θ

nb
d

dr
rna

d

dr
r

nnnn cossin 11 =−= −−

11

cossin
−−

=−=
n

n

n

n

r

nb

d

dr

r

na

d

dr θ

θ

θ

θ

θ

θ

θ

θ

nb

r

dr

d

na

r

dr

d
n

n

n

n

cossin

11 −−

=−=

θ

θ

θ

θ

nb

rr

dr

d
r

na

rr

dr

d
r

n

n

n

n

cos

.

sin

. 11 −−

=−=

θθ nb

r

na

r
n

n

n

n

cossin
=−=

θ

θ

θ

θ

nb

nb

na

na
n

n

n

n

cos

sin

sin

cos
=−=

θncot−=            θntan=

θφ ncottan 1 −=              ---(1)

θφ ntantan 2 =           ---(2)

From equations (1) and (2), we have

( )( )θθφφ nn tancottantan 21 −=⋅ 1−=

Hence, the given curves intersect orthogonally.            

9. Show that the following pair of curves intersect orthogonally

   ( ) ( )θθ cos1cos1 −=+= brar➨ ( ) ( )θθ cos1cos1 −=+= brar

Differentiating with respect to θ , we get

( )θ
θ

sin−= a
d

dr ( )( )θ
θ

sin0 −−= b
d

dr
θsinb=

θ

θ

sin

1

adr

d
−=

θ

θ

sin

1

bdr

d
=

           
θ

θ

sina

r

dr

d
r −=            

θ

θ

sinb

r

dr

d
r =
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( )

θ

θ
φ

sin

cos1
tan 1

a

a +
−=          

( )
θ

θ
φ

sin

cos1
tan 2

b

b −
=

         
( )

θ

θ
φ

sin

cos1
tan 1

+
−=    ---(1)     

θ

θ
φ

sin

cos1
tan 2

−
=   ---(2)

From equations (1) and (2), we have

( )





 −





 +
−=

θ

θ

θ

θ
φφ

sin

cos1

sin

cos1
tan.tan 21

( )
θ

θ
2

2

sin

cos1−
−=  

θ

θ
2

2

sin

sin
−=

1tan.tan 21 −=φφ

Hence, the given curves intersect orthogonally.            

10. Show that the following pair of curves intersect orthogonally

     areaer == θθ➨ areaer == θθ

Differentiating with respect to θ , we get

θ

θ
ae

d

dr
=                            0=+ θθ

θ
e

d

dr
re

                       
θθ

θ
ree

d

dr
−=

θ

θ

aedr

d 1
=                             r

d

dr
−=

θ

θ

θ

ae

r

dr

d
r =           

rdr

d 1
−=

θ

θ

θ

φ
ae

ae
=1tan         1−=

dr

d
r

θ

1tan 1 =φ ---(1)                        1tan 2 −=φ               ---(2)

From equations (1) and (2), we get

( )( ) 111tantan 21 −=−=⋅ φφ

Hence, the given curves intersect orthogonally.            

Exercises

I. Find the angle between the following pair of curves.

    1) θθθ sin2cossin =+= rr
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    2) ( )θθ cos12cos6 +== rr

    3) ( ) ( )βθαθ +=+= nbrnar nnnn secsec

    4) 
211 θθ

θ

+
=

+
=

a
r

a
r

    5) becrar =







=









2
cos

2
sec 22 θθ

    6) 
2

cos
a

rar == θ

    7) ( ) θθθ narnnar nnnn sincossin =+=

    8) ( ) ( ) 2222 2cos2cos brar =+=+ βθαθ

    9) brbar =+= 222 2cos θ

II. Show that the following pairs of curves intersect orthogonally.

     10) 
nnnn bnranr == θθ sincos

     11) θθ cos1
2

cos1
2

+=−=
r

a

r

a

     12) θθ 2sin2cos 2222 brar ==

     13) ( ) ( )θθ sin1sin1 −=+= arar

      14) 
2222 2cos2sin brar == θθ

      15) 
2

cos25
2

sec16 22 θθ
ecrr =








=

Answers

I.    1) 
4

π
2) 

6

π
3) βα − 4) ( )3tan 1−

      5) 
2

π
6) 

3

π
7) 

4

π
8) βα −

      9) 






−

2

2
1tan

a

b
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Polar Subtangent and Polar Subnormal

Let P be any point on the polar curve ( )θfr = .  Draw the tangent and

the normal to the curve at P  and a line perpendicular to the radius vector

passing through the origin, which cuts the tangent at T and normal at N.

Then length of OT is called polar sub tangent and length of ON is called

polar subnormal.

From right-angled triangle OPT, we have

OP

OT
=φtan

r

OT
=

   φtanrOT = 







=

dr

d
rr

θ
==

dr

dθ
r

2
Subtangent

From right-angled triangle ONP, we have

ON

OP
=φtan

ON

r
=

   
( )drdr

rr
ON

/tan θφ
== ==

dθ

dr
Subnormal

Figure 2.4

.

.

 r
 φ

 θ

N 

X 

T 

P( , )r θ

 r=f ( )θ

.

.
O 

 φ
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Length of the Perpendicular from the Pole to Tangent

Let P be any point on the polar curve ( )θfr =  draw a tangent to the

curve at P. Draw a line perpendicular to the tangent from the origin (pole)

to meet at M.  Let OM = p, from the right-angled triangle OPM, we have

OP

OM
=φsin

r

p
=

     φrp sin=                   ---(1)

   φ222 sinrp =

  
φ222 sin

11

rp
= ( )φ2

2
eccos

1

r
= ( )φ2

2
cot1

1
+=

r

                      





=










+=

dr

d
r

r

θ
φ

φ
tan

tan

1
1

1
22

∵

         
( ) 










+=

222
/

1
1

1

drdrr θ 




















+=

2

22

1
1

1

θd

dr

rr

2

422

111








+=

θd

dr

rrp
                               ---(2)

Note  If u
r

=
1

, then 
θθ d

du

d

dr

r
=−

2

1

Squaring on both the sides, we get

Figure 2.5

 .

 .

 θ
 φ

 r

X 

Y 

M 

P( )r,θ

  p

O 
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22

2

1








=








−

θθ d

du

d

dr

r
22

4

1








=









θθ d

du

d

dr

r
2

2

2

1








+=∴

θd

du
u

p

Pedal Equation (p-r equation)

The relation connecting between p and r is called pedal or p-r equation.

To find the pedal equation we use the following formulae.

    i) φsinrp =

   ii) 

2

422

111








+=

θd

dr

rrp

Worked Examples

1. Find the polar subtangent and the polar subnormal to the curve

   ( )θcos1−= ar➨ ( )θcos1−= ar

         θ
θ

sina
d

dr
=

         
θ

θ

sin

1

adr

d
=

     
θ

θ

sin

2
2

a

r

dr

d
r =

   
( ) ( )

θ

θ

θ

θ

sin

cos1

sin

cos1
222 −

=
−

=
a

a

a
                                              

2. Find the polar subtangent and the polar subnormal to the curve

   
αθ cot

er =➨ αθ cot
er =
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α
θ

αθ cotcot ⋅= e
d

dr
= polar subnormal.

α

θ
αθ cot

1
cot

edr

d
=

αcot

1

r
=

          
αα

θ

cotcot

2
2 r

r

r

dr

d
r ==

α

αθ

cot

cot
e

=  = polar subtangent.            

3. Find the pedal equation to the curve ( )θcos1−= ar➨ ( )θcos1−= ar

θ
θ

sina
d

dr
=

2

422

111








+=

θd

dr

rrp

       ( )2

42
sin

11
θa

rr
+= θ22

42
sin

11
a

rr
+=

      ( )θ2

4

2

22
cos1

11
−+=

r

a

rp
                               ---(1)

Given,   ( )⇒−= θcos1ar θcos1−=
a

r

a

ra

a

r −
=−= 1cosθ                   ---(2)

Substituting equation (2) in (1), we get



















 −
−+=

2

4

2

22
1

11

a

ra

r

a

rp

       
( )








 −
−+=

2

2

4

2

2
1

1

a

ra

r

a

r

       
( )








 −−
+=

2

22

4

2

2

1

a

raa

r

a

r

       
( )

4

222

2

21

r

arraa

r

−+−
+=
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4

2

2

21

r

rar

r

−
+=

4

2

42

21

r

r

r

ar

r
−+=

32

21

r

a

p
=

23 2apr =            

4. Find the pedal equation to the curve ( )θcos12 −= ra➨ ( )θcos12 −= ra

( )θcos1
2

−=
r

a

Differentiating with respect to θ , we get

θ
θ

sin
2
2

=⋅
−

d

dr

r

a

a

r

d

dr

2

sin2 θ

θ
−=

We have,
2

422

111








+=

θd

dr

rrp
2

2

422 2

sin111







 −
+=

a

r

rrp

θ

       
2

24

42 4

sin11

a

r

rr

θ
+=

2

2

2 4

sin1

ar

θ
+=

( )θ2

222
cos1

4

111
−+=

arp
     ---(1)

Given ( )θcos12 −= ra

( )
r

a2
cos1 =− θ

r

a2
1cos −=θ

r

ar 2
cos

−
=θ      ---(2)
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Substituting equating (1) and (2), we get



















 −
−+=

2

222

2
1

4

111

r

ar

arp

       
( )








 +−
−+=

2

22

22

44
1

4

11

r

aarr

ar

       






 −+−
+=

2

222

22

44

4

11

r

aarrr

ar

       






 −
+=

2

2

22

44

4

11

r

aar

ar

( )
222

4

4

11

r

ara

ar

−
+=

222

11

ar

ar

rp

−
+=                                                                           

5. Find the pedal equation to the curve ( )θcos12 += ar➨ ( )θcos12 += ar

( )θ
θ

sin2 −= a
d

dr

θ
θ

sin2a
d

dr
−=

2

422

111








+=

θd

dr

rrp

       ( )2

42
sin2

11
θa

rr
−+= ( )θ22

42
sin4

11
a

rr
+=

( )θ2

4

2

22
cos1

411
−+=

r

a

rp
     ---(1)

Given, ( )θcos12 −= ar

θcos1
2

−=
a

r

a

r

2
1cos −=θ

a

ra

2

2
cos

−
=θ ---(2)
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Substituting equation (2) in (1), we get



















 −
−+=

2

4

2

22 2

2
1

411

a

ra

r

a

rp
















 +−
−+=

2

22

4

2

22 4

44
1

411

a

rara

r

a

rp

       






 −+−
+=

2

222

4

2

2 4

44441

a

raraa

r

a

r
[ ]2

42
4

11
rar

rr
−+=

        
( )

42

41

r

rar

r

−
+=

232

141

rr

a

r
−+=

32

41

r

a

p
=

23 4apr =            

6. Find the pedal equation to the curve θmar mm cos=➨ θmar mm cos=

( )mma
d

dr
mr

mm .sin1 θ
θ

−=−

   θ
θ

ma
d

dr
r

mm sin1 −=−

           
1

sin
−

−=
m

m

r

ma

d

dr θ

θ

We have 

2

422

111








+=

θd

dr

rrp

2

1422

sin111








−+=

−m

m

r

ma

rrp

θ

       ( )12

22

42

sin11
−

+=
m

m

r

ma

rr

θ ( )
422

22

2

cos11
+−

−
+=

m

m

r

ma

r

θ
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





















−+=

+

2

22

2

2
1

1
m

m

m

m

a

r

r

a

r







 −
+=

+ m

mm

m

m

a

ra

r

a

r
2

22

22

2

2

1

       
22

22

2

1
+

−
+=

m

mm

r

ra

r
22

2

22

2

2

1
++

−+=
m

m

m

m

r

r

r

a

r

       
222

2

2

11

rr

a

r
m

m

−+=
+

22

2

2

1
+

=
m

m

r

a

p

2222 par mm =+
           

7. Find the pedal equation to the curve, θcos1 e
r

l
+=➨ θcos1 e

r

l
+=

Differentiating with respect to θ , we get

( )θ
θ

sin
2

−=− e
d

dr

r

d

   
l

er

d

dr θ

θ

sin2

=

We have, 

2

422

111








+=

θd

dr

rrp

    

2
2

422

sin111








+=

l

re

rrp

θ
2

242

42

sin11

l

re

rr

θ
+=

     ( )θ2

2

2

22
cos1

11
−+=

l

e

rp
                               ---(1)

Given,         θcos1 e
r

l
+=









−= 1cos

r

l
e θ
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







−= 1

1
cos

r

l

e
θ 







 −
=

r

rl

e

1

er

rl −
=θcos                   ---(2)

Substituting equation (1) and (2), we get



















 −
−+=

2

2

2

22
1

11

er

rl

l

e

rp

       
( )








 −+
−+=

22

22

2

2

2

2
1

1

re

lrrl

l

e

r

       






 +−−
+=

22

2222

2

2

2

21

re

lrrlre

l

e

r

       
22

2222

2

21

rl

lrrlre

r

+−−
+=

       
22

2

22

222

2

21

rl

l

rl

lrrre

r
−

+−
+=

22

222

2

21

rl

lrrre

p

+−
=            

8.  Find the pedal equation to the curve 
αθ cot

er =➨ αθ cot
er =

α
θ

αθ cotcot
e

d

dr
=

α
θ

cotr
d

dr
=

We have,       

2

422

111








+=

θd

dr

rrp

          ( )2

42
cot

11
αr

rr
+=

4

22

2

cot1

r

r

r

α
+=
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2

2

2

cot1

rr

α
+=

2

2cot1

r

α+
=

          
2

2

2

eccos1

rp

α
=

            α222 eccospr =                

9.  Find the pedal equation to the curve ( )θsin1+= ar➨ ( )θsin1+= ar

θ
θ

cosa
d

dr
=

We have,       

2

422

111








+=

θd

dr

rrp

                 ( )2

42
cos

11
θa

rr
+=

                              
4

22

2

cos1

r

a

r

θ
+=

           ( )θ2

4

2

22
sin1

11
−+=

r

a

rp
                  ---(1)

Given that ( )θsin1+= ar

    θsin1+=
a

r

1sin −=
a

r
θ

a

ar −
=                                ---(2)

Substituting (2) in (1), we get



















 −
−+=

2

4

2

22
1

11

a

ar

r

a

rp

       
( )








 −
−+=

2

2

4

2

2
1

1

a

ar

r

a

r

      
[ ]








 −+−
+=

2

222

4

2

2

21

a

arara

r

a

r
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4

222

2

21

r

arara

r

+−−
+=

      
4

2

2

21

r

rar

r

−
+=

4

2

42

21

r

r

r

ar

r
−+=

            
32

21

r

a

p
=

322 rpa =            

Exercises

I.  Find the polar subtangent for the following curves.

     1)  θcos1
2

e
r

a
+= 2)  ( )θcos1−= ar

II.  Find the polar sub normal for the following curves.

      1)  
θ

a
r = 2)  ( )θcos1+= ar

III.  Find the pedal equation for the following curves.

       1)  ( )θcos1+= ar 2)  θcos1
2

−=
r

a

       3)  θ2sec22
ar =    4)  θar =

       5)  
2

cos 2 θ
ecar = 6)  θmar sin=

       7)  θ2sin22 ar = 8)  
mm amr =θcos

       9)  θcosbar += 10) θ222 sinar =

      11) ( )θnar n cos1+= 12) ( )θsin1+= ar

      13) θθ mbmar
mmm cossin +=
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Answers

I.  1)  θcos
2

e

a
            2)  

2
cos

2
cot2 2 θθ

a

II. 1)  
2θ

a
− 2)  θsina

III. 1)  
322 rap =                   2)  arp =2

     3)  
2apr =      4)  ( ) 4222 rarp =+

     5)  arp =2
     6)  ( )[ ]222224 1 rmmapr −+=

     7)  par 23 =                   8)  
mm apr =−1

     9)  ( )[ ] 2224 2 parabr +−= 10)  par 23 =

   11) 
21 2apr n =+

12) 
23 2apr =

13) 
mmm bapr 221 +=+

Taylor’s Theorem for a Function of Single Variable

Let ( )xaf +  be a function of x which can be expanded in powers of x

and let the expansion be differentiable any number of times with respect

to x, then

( ) ( ) ( ) ( ) ( ) −−−+′′′+′′+′+=+ af
x

af
x

afxafxaf
!3!2

32

                                           
( ) ( ) −−−++ af

n

x n
n

!

Proof  Let ( ) ,3

3

2

210 −−−−++++=+ xAxAxAAxaf              ---(1)

where −−−−310 ,, AAA  are constants.

By successive differentiation with respect to x, we get

( ) ,32 2

321 −−−+++=+′ xAxAAxaf

( ) ,3.42.3.1.2 2

432 −−−+++=+′′ xAxAAxaf

( ) ,2.3.4.1.2.3 43 −−−++=+′′′ xAAxaf

------------------------------------------

Putting 0=x  in each of these, we get
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( ) ( ) ,, 10 AafAaf =′=

( ) ( )
,

!2
!2 22

af
AAaf

′′
=⇒=′′

( ) ( )
,

!3
!3 33

af
AAaf

′′′
=⇒=′′′

------------------------------------------

Substituting these values in (1), we get

( ) ( ) ( ) ( ) ( ) −−−+′′′+′′+′+=+ af
x

af
x

afxafxaf
!3!2

32

                                                              
( ) ( ) −−−++ af

n

x n
n

!

Remarks

1) If ,0=a  then

   ( ) ( ) ( ) ( ) ( ) −−−+′′′+′′+′+= 0
!3

0
!2

00
32

f
x

f
x

fxfxf

   which is the Maclaurin’s series, (it is discussed afterwards)

2) If  ,hx =  then the series in powers of h is

( ) ( ) ( ) ( ) ( ) −−−+′′′+′′+′+=+ af
h

af
h

afhafhaf
!3!2

32

3)   If ,ahx −=  then

     ( ) ( ) ( ) ( ) ( ) ( ) −−−+′′
−

+′−+= af
ah

afahafhf
!2

2

4)  ( ) ( ) ( ) ( ) ( ) ( ) ( ) −−−+′′′
−

+′′
−

+′
−

+= af
ax

af
ax

af
ax

afxf
!3!2!1

32

Maclaurin’s series

Let ( )xf  be a function of x which can be expanded in powers of x and

let the expansion be differentiable term by term any number of times,
then

( ) ( ) ( ) ( ) ( ) ( )( ) −−−++−−−+′′′+′′+′+= 0
!

0
!3

0
!2

00
32

n
n

f
n

x
f

x
f

x
fxfxf
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