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 (iii)  αisc=x ⇒ αnxn isc=

y  =  βisc ⇒ βmym isc=

α

β

β

α

n

m

m

n

x

y

y

x
n

m

m

n

isc

isc

isc

isc
+=+

= ( )
( )βα

βα
mn

mn
−

+−
isc

1
cis

= ( ) ( )βαβα mnimn −+− sincos

( ) ( )βαβα mnimn −−−+ sincos

=  ( )βα mn −cos2

(iv) 
βα

γ

γ

βα

mn

l

l

mn

yx

z

z

yx
mn

l

l

mn

iscisc

cis

isc

cisisc
+=+

           = ( )
( )γβα

γβα
lmn

lmn
−+

+−+
isc

1
isc

                        ( ) ( )γβαγβα lmnilmn −++−+= sincos

                            ( ) ( )γβαγβα lmnilmn −+−−++ sincos

                        ( )γβα lmn −+= cos2            

7.  If 0coscoscos =++ γβα and 0sinsinsin =++ γβα ,

     then prove the following

     (i) ( )γβαγβα ++=++ cos33cos3cos3cos

( )γβαγβα ++=++ sin33sin3sin3sin

     (ii) 02cos2cos2cos =++ γγα

 02sin2sin2sin =++ γβα

     (iii) ( ) ( ) ( ) 0coscoscos =+++++ αγγββα

( ) ( ) ( ) 0sinsinsin =+++++ αγγββα

     (iv)
2

3
coscoscos 222 =++ γβα

2

3
sinsinsin 222 =++ γβα➨ (i) 0coscoscos =++ γβα                   ---(1)

γβα sinsinsin ++ =  0                   ---(2)
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Take equation (1)  + i  (2), we get

( ) ( ) 0sinsinsincoscoscos =+++++ γβαγβα i

0ciscisisc =++ γβα

Put βα cis,isc == yx and γcis=z

        0=++∴ zyx

        zxyzyx 3333 =++⇒

i.e., ( ) ( ) ( ) γβαγβα cisciscis3cisciscis
333 =++

                     ( )γβαγβα ++=++ cis33cis3cis3cis

γγββαα 3sin3cos3sin3cos3sin3cos iii +++++

                             ( ) ( )( )γβαγβα +++++= sincos3 i

( ) ( )γβαγβα 3sin3sin3sin3cos3cos3cos +++++ i

                               = ( ) ( )γβαγβα +++++ sin3cos3 i

     ( )γβαγβα ++=++⇒ cos33cos3cos3cos

             ( )γβαγβα ++=++ sin33sin3sin3sin

(ii) Let αcis=x  γβ isccis == zy

       
γβα cis

1

cis

1

cis

1111
++=++

zyx

             = ( ) ( ) ( )γβα −+−+− cisciscis

             = ( ) ( ) ( )γγββαα sincossincossincos iii −+−+−

= ( ) ( )γβαγβα sinsinsincoscoscos ++−++ i

= 000 =+ i

0
111

=++
zyx

                        ---(3)

Since 0=++ zyx

             ( ) 0
2

=++⇒ zyx

 0222222 =+++++ zxyzxyzyx

 0
111

2222 =







+++++

yxz
zxyzyx

                  ( ) 002222 =+++ xyzzyx
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       ( ) ( ) ( ) 0iscisccis
222

=++ γβα

                02isc2isc2cis =++ γβα

( ) ( ) 02sin2sin2sin2cos2cos2cos =+++++ γβαγβα i

                                             02cos2cos2cos =++∴ γβα

                                                02sin2sin2sin =++ γβα

(iii) From equation (3), we have

0
111

=++
zyx

0=
++

xyz

xyzxyz

0=++ xzyzxy

0ciscisciscisciscis =++ γαγββα

( ) ( ) ( ) 0cisciscis =+++++ γαγββα

( ) ( ) ( )γαγββα +++++ coscoscos

                   ( ) ( ) ( )( ) 0sinsinsin =++++++ γαγββαi

                      ( ) ( ) ( ) 0coscoscos =+++++∴ γαγββα

                             ( ) ( ) ( ) 0sinsinsin =++++ γαγββα

(iv) From (ii), we have

                           02cos2cos2cos =++ γβα

( ) ( ) ( ) 01cos21cos21cos2 222 =−+−+− γβα

                    ( ) 03coscoscos2 222 =−++ γβα

                              2/3coscoscos 222 =++ γβα

          2/3)sin1()sin1()sin1( 222 =−+−+− γβα

                        ( ) 2/3sinsinsin3 222 =++− γβα

                              γβα 222 sinsinsin
2

3
3 ++=−

Therefore, 
2

3
sinsinsin 222 =++ γβα                                                 
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8. Prove that θθ
θθ

θθ
nin

i

i
n

sincos
sincos1

sincos1
+=









−+

++➨ Let θθ sincos iz +=  and θθ sincos
1

i
z

−=

Therefore, 

nn

z

z

i

i









+

+
=









−+

++

/11

1

sincos1

sincos1

θθ

θθ

                                                    
( )

n

zz

z









+

+
=

/1

1
=

n

z









/1

1
=

nz

                           = ( )n
i θθ sincos +

                           = θθ nin sincos +             

9. If n is a positive integer, then show that

 







−+








−=









−+

++
θ

π
θ

π

θθ

θθ

2
sin

2
cos

cossin1

cossin1
nin

i

i
n

➨   

n

i

i

i

i



























−−








−+









−+








−+

=








−+

++

θ
π

θ
π

θ
π

θ
π

θθ

θθ

2
sin

2
cos1

2
sin

2
cos1

cossin1

cossin1
         ---(1)

Let 







−+








−= θ

π
θ

π

2
sin

2
cos iz

Then 







−−








−= θ

π
θ

π

2
sin

2
cos

1
i

z

Therefore, equation (1) becomes,

n

z

z

i

i



















+

+
=









−+

++

1
1

1

cossin1

cossin1

θθ

θθ
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( )

n

zz

z









+

+
=

/1

1
n

z








=

/1

1 nz=

        

n

i 















−+








−= θ

π
θ

π

2
sin

2
cos

        















−+








−= θ

π
θ

π

2
sin

2
cos nin            

10. If 
βα i

iba
+

=+
1

, prove that ( )( ) 12222 =++ baβα➨  
βα

βα

βα i

i

i
iba

−

−
×

+
=+

1

2222 βα

βα

βα

βα

i

i

i

i
iba

+

−
=

−

−
=+

βα
βα

iiba −
+

=+⇒
22

1

( )22

22

22 1
βα

βα
−+⋅

+
=+ ba 22

22

1
βα

βα
+

+
=

22

22 1

βα +
=+ ba

12222 =++ βαba

( )( ) 12222 =++ βαba                                                                 

11. If ( )( ) ( ) ,2211 iBAibaibaiba nn +=+−−−++  prove that

(i) ( )( ) ( ) 22222

2

2

2

2

1

2

1 BAbababa nn +=+−−−++

(ii) 
A

B

a

b

a

b

a

b

n

n 11

2

21

1

11 tantantantan −−−− =+−−−++➨ Let 
2

1

2

111111 cis barriba +=⇒=+ θ  and 
1

11

1 tan
a

b−=θ
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2

2

2

22222 cis barriba +=⇒=+ θ  and 
2

21

2 tan
a

b−=θ

---------------------------------------------------------------------

22

ncis nnnnnn barriba +=⇒=+ θ  and 
n

n
n

a

b1tan −=θ

and
22cis BArriBA +=⇒=+ θ  and 

A

B1tan −=θ

Therefore,

( )( ) ( ) iBAibaibaiba nn +=+−−−++ 2211

θθθθ ciscisciscis 2221 rrrr nn =−−−⇒

( ) θθθθ ciscis 2121 rrrr nn =+−−−++−−−⇒

nrrrr −−−=⇒ 21  and nθθθθ +−−−++= 21

222

2

2

2

2

1

2

1

22

nn bababaBA +−−−++=+⇒

( )( ) ( )222

2

2

2

2

1

2

1

22

nn bababaBA +−−−++=+⇒

and θθθθ =+−−−++ n21

A

B

a

b

a

b

a

b

n

n 11

2

2
1

1

11 tantantantan −−−− =+−−−++                       

12. If θθ sincos ix += , then θni
x

x
n

n

tan
1

1
2

2

=
+

−➨ θθ sincos ix +=

θθ sincos
1

i
x

−=

θθ ninx
n sincos +=

θθ nin
x

n
sincos

1
−=

θn
x

x
n

n cos2
1

=+

θni
x

x
n

n sin2
1

=−
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Consider, 
θ

θ

n

ni

x
x

x
x

n

n

n

cos2

sin2

1

1

=

−

+

θni

x

x

x

x

n

n

n

n

tan
1

1

2

2

=
−

+

θni
x

x
n

n

tan
1

1
2

2

=
−

+
∴            

13. Prove that following

(i) 
2

cos
ixix

ee
x

−+
= , (ii) 

i

ee
x

ixix

2
sin

−−
=➨ We have xixe

ix sincos +=      ---(1)

       xixe
ix sincos −=−

     ---(2)

Adding equations (1) and (2), we get

xee
ixix cos2=+ −

x
ee

ixix

cos
2

=
+

⇒
−

Subtracting equation (2) from (1), we get

 xiee
ixix sin2=− −

x
i

ee
ixix

sin
2

=
−

⇒
−

                                       

14. Prove the following

(i) xiix sinhsin = , (ii) xix coshcos = , (iii) xiix tanhtan =➨ (i) We have 
i

ee
y

iyiy

2
sin

−−
=

Put ixy =
( ) ( )

i

ee
ix

ixiixi

2
sin

−−
=

          
i

ee
xixi

2

22 −−
=  

i

ee
xx

2

−
=

−
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          






 −
−=

−

2

xx
ee

i             i
i

−=
1
∵

                       






 −
=

−

2

xx
ee

i

(ii) xiix sinhsin =

      
2

cos
iyiy

ee
y

−+
=

Put ixy =
( ) ( )

22
cos

xxixiixi
eeee

ix
+

=
+

=
−−

xcosh=

(iii) 
ix

ix
ix

cos

sin
tan =

x

xi

cosh

sinh
= xi tanh=                

15. Express the following in the form of iba +

(a) ( )iyx +sin (b) ( )iyx +cos

(c) ( )iyx +tan (d) ( )iyx +cot

(e) ( )iyx +sec (f) ( )iyx +eccos➨ (a) ( ) iyxiyxiyx sincoscossinsin +=+

               [ ] [ ]yixyx sinhcoscoshsin +=

  yxiyx sinhcoscoshsin +=

(b) ( ) iyxiyxiyx sinsincoscoscos −=+

( )yixyx sinhsincoshcos −=

yxiyx sinhsincoshcos −=

(c) ( ) ( )
( )iyx

iyx
iyx

+

+
=+

cos

sin
tan

( ) ( )
( ) ( )iyxiyx

iyxiyx

−+

−+
=

coscos

cossin

( ) ( )( )[ ]

( )[ ] ( )( )[ ]iyxiyxiyxiyx

iyxiyxiyxiyx

−−++−++

−−++−++
=

coscos
2

1

sinsin
2

1
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( )
( )iyx

iyx

2cos2cos

2sin2sin

+

+
=

yx

yix

2cosh2cos

2sinh2sin

+

+
=

yx

y
i

yx

x

2cosh2cos

2sinh

2cosh2cos

2sin

+
+

+
=

(d) ( ) ( )
( )

( )
( )iyx

iyx

iyx

iyx
iyx

−

−
×

+

+
=+

sin

sin

sin

cos
cot

           

( ) ( )[ ][ ]

( )[ ] ( )( )[ ]iyxiyxiyxiyx

iyxiyxiyxiyx

−++−−−+

−−+−−++
=

coscos
2

1

sinsin
2

1

             
xiy

iyx

2cos2cos

2sin2sin

−

−
=

            
xy

yix

2cos2cosh

2sinh2sin

−

−
=

       ( )
xy

y
i

xy

x
iyx

2cos2cosh

2sinh

2cos2cosh

2sin
cot

−
−

−
=+

(e) ( )
( )

( )
( )iyx

iyx

iyx
iyx

−

−
×

+
=+

cos

cos

cos

1
sec

           
( )

( ) ( )iyxiyx

iyx

−+

−
=

coscos

cos

           

( ) ( )[ ][ ]iyxiyxiyxiyx

iyxiyx

−−++−++

+
=

coscos
2

1

sinsincoscos

           
[ ]

iyx

yxiyx

2cos2cos

sinhsincoshcos2

+

+
=

            
[ ]

yx

yxiyx

2cosh2cos

sinhsincoshcos2

+

+
=
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yx

yx
i

yx

yx

2cosh2cos

sinhsin2

2cosh2cos

coshcos2

+
+

+
=

(f) ( )
( )

( )
( )iyx

iyx

iyx
iyx

−

−

+
=+

sin

sin

sin

1
eccos

  

( )( ) ( )[ ]iyxiyxiyxiyx

iyxiyx

−++−−−+

−
=

coscos
2

1

sincoscossin

  
( )[ ]

xyi

yixyx

2cos2cosh

sinhcoscoshsin2

−

−
=

[ ]
xy

yxiyx

2cos2cosh

sinhcoscoshsin2

−

−
=

xy

yx
i

xy

yx

2cos2cosh

sinhcos2

2cos2cosh

coshsin2

−
−

−
=                        

16. Express the following in the form of iba +

(i) ( )iyx +sinh ,      (ii) ( )iyx +cosh , (iii) ( )iyx +tanh➨ (i) ( ) ( )iyx
i

i
iyx +=+ sinhsinh

             ( )iyxi
i

+= sin
1 ( )yixi −−= sin

[ ]yixyixi sincoscossin −−=

[ ]yxyxii sincoshcossinh −−=

yxiyx sincoshcossinh +=

(ii) ( ) ( )iyxiiyx +=+ coscosh

 ( )yix −= cos

 yixyix sinsincoscos +=

 yxiyx sinsinhcoscosh +=

(iii) ( ) ( )iyx
i

i
iyx +=+ tanhtanh

  ( )iyxi
i

+= tan
1

  ( )yixi −−= tan
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( )
( )

( )
( )yix

yix

yix

yixi

+

+
×

−

−
−=

cos

cos

cos

sin

  

( ) ( )[ ]

( ) ( )[ ]yixyixyixyix

yixyixyixyix

i

−−−+++−

−−−+++−
−=

coscos
2

1

sinsin
2

1

  
( )[ ]

( )yix

yixi

2cos2cos

2sin2sin

−+

−+−
=

  
( )

yx

yxii

2cos2cosh

2sin2sinh

+

−−
=

yx

yix

2cos2cosh

2sin2sinh

+

+
=

  
yx

y
i

yx

x

2cos2cosh

2sin

2cos2cosh

2sinh

+
+

+
=                     

17. Find the real and imaginary parts of the following

(a) ( )iyx +−1tan , (b) ( )iyx +−1cot➨ (a) Let ( )iyxivu +=+ −1tan      ---(1)

           ( )iyxivu −=− −1tan      ---(2)

Adding (1) and (2), we get

( ) ( )iyxiyxu −++= −− 11 tantan2

Using 








−

+
=+ −−−

xy

yx
yx

1
tantantan 111

above equation becomes,

      
( )( )










−+−

−++
= −

iyxiyx

iyxiyx

1
tan 1

      
( )










−−
= −

222

1

1

2
tan

yix

x

( )









+−
= −

22

1

1

2
tan

yx

x










−−
= −

22

1

1

2
tan2

yx

x
u










−−
= −

22

1

1

2
tan

2

1

yx

x
u

Subtracting (2) from (1), we get
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( ) ( )iyxiyxiv −−+= −− 11 tantan2

Using 








+

−
=− −−−

xy

yx
yx

1
tantantan 111

above equation becomes,

       
( )

( )( )









−++

−−+
= −

iyxiyx

iyxiyx

1
tan 1










−+
= −

yix

iy
22

1

1

2
tan










++
= −

22

1

1

2
tan2

yx

y
iiv             ( )( )xiix 11 tantan −− =∵










++
= −

22

1

1

2
tan2

yx

y
v










++
= −

22

1

1

2
tan

2

1

yx

y
v

(b) Let ( )iyxivu +=+ −1cot                   ---(1)

           ( )iyxivu −=− −1cot      ---(2)

Adding equations (1) and (2), we get

( ) ( )iyxiyxu −++= −− 11 cotcot2

Using 








+

−
=+ −−−

yx

xy
yx

1
cotcotcot 111

above equation becomes,

      
( )( )










−++

−−+
= −

iyxiyx

iyxiyx 1
cot 1








 −−
= −

x

yix

2

1
cot

222
1








 −+
= −

x

yx
u

2

1
cot2

22
1








 −+
= −

x

yx
u

2

1
cot

2

1 22
1

Subtracting (2) from (1), we get

( ) ( )iyxiyxiv −−+= −− 11 cotcot2

Using 








−

+
=− −−−

yx

xy
yx

1
cotcotcot 111

above equation becomes,
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( )( )

( ) 








+−+

+−+
= −

iyxiyx

iyxiyx 1
cot 1










+−+

+−
= −

iyxiyx

yix 1
cot

222
1

       






 ++
= −

iy

yx

2

1
cot

22
1 ( )








 ++−
= −

y

yxi

2

1
cot

22
1

 






 ++
−= −

y

yx
ivi

2

1
cot2

22
1

     ( )( )xiix 11 cotcot −− =∵

     






 ++
−= −

y

yx
v

2

1
cot

2

1 22
1

           

18. Prove that ( )1logsinh 21 ++=−
xxx e➨   Let xy 1sinh −=

( ) 







−=−==⇒ −

y

yyy

e
eeeyx

1

2

1

2

1
sinh

y

y

e

e
x

2

12 −
=

12 2 −= yy
exe

0122 =−− yy
xee

( ) ( )( )
( )12

11422
2

−−−±
=⇒

xx
e y

          
2

122

2

442 22 +±
=

+±
=

xxxx

12 +±= xxe
y

Since 
y

e is positive it follows that

12 ++= xxe
y

( )1log 2 ++= xxy e

Therefore,

( )1logsinh 21 ++=−
xxx e            
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19. Prove that ( )1logcosh 21 −+=−
xxx e➨ Let xy 1cosh −=

( ) 







+=+==⇒ −

y

yyy

e
eeeyx

1

2

1

2

1
cosh

y

y

e

e
x

2

12 +
=

12 2 += yy
exe

0122 =+− yy
xee

1
2

442 2
2

−±=
−±

=⇒ xx
xx

e
y

12 −+=⇒ xxe
y

( )1log 2 −+= xxy e

Therefore,  ( )1logcosh 21 −+=−
xxx e            

20. Prove that 








−

+
=−

x

x
x

1

1
log

2

1
tanh 1➨ Let xy 1tanh −=

yy

yy

ee

ee
yx

−

−

+

−
==⇒ tanh

        
( )
( ) yy

yy

y

y

y

y

ee

ee

e
e

e
e

/1

/1

1

1

2

2

+

−
=

+

−
=

1

1
2

2

+

−
=

y

y

e

e
x

( ) 11 22 −=+ yy eex

01 22 =−−− xxee
yy

( ) xex y +=− 11 2
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x

x
e

y

−

+
=

1

12

          
2

1

1

1









−

+
=

x

x
e

y

           
2

1

1

1
log 









−

+
=

x

x
y e

           








−

+
=

x

x
y e

1

1
log

2

1

Therefore,










−

+
=−

x

x
x e

1

1
log

2

1
tanh 1

                                                            

21. Prove that ( )32cos44cos
8

1
cos4 ++= θθθ➨ Let θθ sincos iz +=

θθ sincos
1

i
z

−=

θθ ninz
n sincos +=

θθ nin
z

n
sincos

1
−= θcos2

1
=+⇒

z
z

      θn
z

z
n

n cos2
1

=+

Therefore, 

4

4 1

2

1
cos 
















+=

z
zθ

   

4

4

1

2

1








+=

z
z
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