
Integral Calculus 241

DOUBLE INTEGRALS

Double integrals can be evaluated by expressing it in terms of two single

integrals. If the region R is bounded by curves

2121 ,and, yyyyxxxx ==== then
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To evaluate this double integral, we proceed as follows:

Case (i) Let 21, xx and 21, yy  be constants, then it does not matter,

whether we first integrate with respect to x and, then with respect to y or

vice versa.

Case (ii) Let 21 , xx  be constants and 21 , yy be functions of x, where

( )xfy 11 = and ( )xfy 22 = . In this case f (x, y) is first integrated with

respect to y treating x as constant between the limits ( )xfy 11 = ,

( )xfy 22 = and, then the resulting expression is integrated with respect to

x between the limits 1x and 2x ,
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i.e.,

Case (iii) Let 21 , yy be constants and 21 , xx  be functions of y,

where ( ) ( )ygxygx 2211 , == . In this case f (x, y) is first integrated with

respect to x treating y as constant between the limits ( )ygx 11 = and

( )ygx 22 =  and, then the resulting expression is integrated with respect

to y between the limits 1y and 2y

i.e.,
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Case (iv) Let R be the region bounded by the simple closed curve C

Figure 3.1

Figure 3.1(a) Figure 3.1(b)

Let a be the least and b be the greatest values of x in this region. Now, let

( )xfy 1=  be the equation of the curve ACB and ( )xfy 2=  be the

equation of the curve ADB. Thus x varies from a to b and y varies from

( )xf1  to ( )xf 2

Therefore,
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Using case (ii), we can evaluate the above integral.

We can construct the integral I in an alternative way by taking constant

limits for y as explained below.
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Let a′  be the least and b′  be the greatest values of y in the region. Now

let ( )ygx 1= be the equation of the curve DAC and ( )ygx 2= be the

equation of the curve DBC. Therefore, y varies from a′ to b′ and x varies

from ( )yg1  to ( )yg 2
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Using case (iii), we can evaluate the above integral.
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y

∫∫
−2

0

2

1➨       Let xydxdyI

y

∫∫
−

=

2

0

2

1

       dy
x

y

y−





= ∫

2

0

22

1
2

( )[ ]dyyy 02
2

1 2
2

1

−−= ∫

      [ ]dyyyy 44
2

1 2

2

1

−+= ∫

      ( ) dyyyy
23

2

1

44
2

1
−+= ∫

2

1

342

3
4

42

4

2

1








−+=

yyy

      ( ) ( ) ( )





−−−+−= 334422 12

3

4
12

4

1
122

2

1

       
24

5
=                                                                              

6. Evaluate dydxxye
x

x
2

21

0

1

0

∫∫
−➨          Let dydxyexI

x

x
2

21

0

1

0

∫∫
−

=

This is only a SAMPLE page. 
Upon purchase, the gray background will be removed. 

To get your personalized e-book / e-copy visit 
www.interlinepublishing.com or 

www.9thclick.com -> Online Shopping -> Books -> E book / E copy



Advanced Mathematics – I246

         dx
y

xe

x

x

2

2

1

0

21

0
2

−





= ∫  ( )dxxxe

x 01
2

1 2

1

0

2

−−= ∫

         ( )∫ −=

1

0

2 2

1
2

1
dxexx

x

Put tx =2
xdx2⇒

2

dt
xdxdt =⇒

If 00 =⇒= tx , if 11 =⇒= tx

( )
2

1
2

1
1

0

dt
etI

t−=∴ ∫

       ( )[ ] ( )








−−−= ∫
1

0

1

0
11

4

1
dteet

tt
       [By integration by parts]

       ( )[ ]1
010

4

1 t
e+−= ( )[ ]11

4

1
−+−= e

       ( )2
4

1
−= e            

7. Evaluate xxydyd

x

x

∫ ∫
1

0➨  Let ∫ ∫=

1

0

x

x

xydydxI

               ∫=

1

0

2

2
dx

y
x

x

x

( )∫ −=

1

0

2

2

1
dxxxx

               ( )∫ −=

1

0

32

2

1
dxxx

1

0

43

432

1








−=

xx

               





=





−=

12

1

2

1

4

1

3

1

2

1

               
24

1
=                                                              

This is only a SAMPLE page. 
Upon purchase, the gray background will be removed. 

To get your personalized e-book / e-copy visit 
www.interlinepublishing.com or 

www.9thclick.com -> Online Shopping -> Books -> E book / E copy



Integral Calculus 247

8. Evaluate dydxxy
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9. Evaluate ( ) dxdyyx
R

22 +∫∫ when R is the triangle bounded by the

     lines xyy == ,0  and 1=x

 ➨   

Figure 3.2
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Here the minimum value of x is 0 and maximum value is 1. Therefore x

varies from 0 to 1, and y varies from the line y = 0 to the line y = x
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10. Evaluate ∫∫
A

xydxdy  when A is area bounded by the circle

        
222 ayx =+  in the  first quadrant.➨

                                           Figure 3.3
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Here the minimum value of x is 0 and the maximum value is a.

Therefore, ax →0: and y varies from the line y = 0 to the circle
222 ayx =+

222 xay −=∴ ⇒ 22 xay −±=

We take 
22 xay −= because y is positive above the x-axis
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11. Evaluate ∫∫
R

dxdyxy where R is the region bounded by x-axis, the

      ordinate x=2a and the parabola ayx 42 =

 ➨

Figure 3.4
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Here the minimum value of x is 0 and maximum value is

axa 20:2 →⇒ and y varies from x axis to the parabola
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a

x
y

4
0:

2

→⇒

ydydxxxydxdy

axa

R

∫∫∫∫ =

4/

0

2

0

2

       = dx
y

x

axa 4/

0

22

0

2

2∫

       = dx
a

x
a

2

52

0
162

1
∫

       = dx
x

a

a2

0

6

2 632

1

      = ( )6

2
2

632

1
a

a ×
 =

3

4
a

                        

12. If R is the region bounded by the parabolas 
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      show that  ( )
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Figure 3.5
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The given curves are
2xy =                                                                                                 ---(1)

2yx =                   ---(2)

To find the points of intersection we substitute (2) in (1)
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13. Evaluate dxdyy
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Put θsinax = ⇒  θθ dadx cos=

If 00 =⇒= θx , if 2/πθ =⇒= ax

     ( ) θθθ
π

daaa
a

b
cossin

3

4
2/

0

2

3
222

3

3

∫ −=

     ∫=

2/

0

33

3

3

coscos
3

4
π

θθθ daa
a

b

    ∫=

2/

0

4
3

cos
3

4
π

θθ da
b









⋅⋅=

22

1

4

3

3

4 3 πab

4

3πab
=      

14.  Evaluate ∫ ∫
R

dydx where R is the region bounded by the lines

      1,4, ==+= yyxxy and 0=y➨
(2,2)

 x+y=4   y
=x

 y=1

Figure 3.7
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Here y varies from 0 to 1 and x varies from the line xy = to the line

4=+ yx

10:i.e., →y , yyx −→ 4:

Therefore, ∫ ∫ ∫ ∫
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15. Evaluate ∫ ∫
R

dxdy where R is the region bounded between the

        parabola 
2xy = and the line 2=+ yx➨

Figure 3.8

2xy =                      ---(1)

2=+ yx                       ---(2)

Substituting (1) in (2), we get

22 =+ xx

( 2,4)−

  y=x
2

(1,1)

  x+y=2

.

.
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