
Differential Equations 327

(Homogeneous function means power of the variables in each term

should be same)

(ii) In the differential equation 
( )
( )

,
,

,

yxg

yxf

dx

dy
=  if the power of the

variables of ( )yxf ,  is equal to the power of the variables of ( )yxg , ,

then the equation is called Homogeneous equation.

Worked Examples

1. Solve 

2

1 







++=

x

y

x

y

dx

dy➨ 

2

1 







++=

x

y

x

y

dx

dy
                               ---(1)

(The RHS of the above equation is a function of xy / , hence it is a

homogeneous differential equation.)

Put v
x

y
= , i.e., vxy =

dx

dv
xv

dx

dy
+=⇒

∴(1) becomes, 
21 vv

dx

dv
xv ++=+

      
21 v

dx

dv
x +=

      
x

dx

v

dv
=

+
21

      ∫ ∫ +=
+

c
x

dx

v

dv
21

      cxv +=
− logtan 1

      ( ) cxxy +=
− log/tan 1

           

2. Solve 
x

y

x

y

dx

dy
sin+=➨ 

x

y

x

y

dx

dy
sin+=                   ---(1)
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Put v
x

y
=  i.e., vxv = ⇒

dx

dv
xv

dx

dy
+=

∴(1) becomes,          vv
dx

dv
xv sin+=+

cxvv

cxdvv

c
x

dx

v

dv

x

dx

v

dv

v
dx

dv
x

+=−

+=∫

+∫=∫

=

=

log)coteclog(cos

logeccos

sin

sin

sin

( ) ( )( ) cxy/xy/x +=− logcoteccoslog                                      

3. Solve ( ) 0332
=+− dyyxydxx➨ ( ) 0332

=+− dyyxydxx

[This is in the form of f (x, y) dx + g(x, y) dy=0.

Here f (x, y) and g (x, y) are homogenous functions of degree three hence,

it is homogenous equation]

( )dyyxydxx 332
+=

33

2

yx

yx

dx

dy

+
=                   ---(1)

Put ⇒= vxy
dx

dv
xv

dx

dy
+=

∴(1) becomes,   
( )

( )33

2

vxx

vxx

dx

dv
xv

+
=+  

( )33

3

1 vx

vx

+
=

31 v

v

dx

dv
xv

+
=+

v
v

v

dx

dv
x −

+
=∴

31
3

4

1 v

vvv

+

−−
=
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3

4

1 v

v

dx

dv
x

+
−=∴

x

dx
dv

v

v
−=

+
4

31

( )

( )
cy

xy

cvx
v

cxv
v

cxv
v

cxdv
v

v

c
x

dx
dv

vv

=+−

=+−

=++−

=++
−

+−=







+∫

+∫−=







+∫

−

−

log
/3

1

log
3

1

loglog
3

1

loglog
3

log
1

11

3

3

3

3

4

4

c
y

x
y =−∴

3

3

3
log            

4. Solve ( )1loglog +−= xyy
dx

dy
x➨  ( )1loglog +−= xyy

dx

dy
x

                 







+







= 1log

x

y

x

y

dx

dy
                                            ---(1)

Put v
x

y
= i.e., ⇒= vxy

dx

dv
xv

dx

dy
+=

∴(1) becomes,  ( )1log +=+ vv
dx

dv
xv

      vvv
dx

dv
xv +=+ log

            vv
dx

dv
x log=
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x

dx

vv

dv
=

log

       ∫ ∫ += c
x

dx

vv

dv

log

Put tv =log ⇒  dtdv
v

=
1

     ∫ += cx
t

dt
log

     1logloglog cxt +=

     ( )xct 1loglog =

     xct 1=

     xcv 1log =

      xc
x

y
1log =








           

5. Solve ( ) ( ) 0loglogloglog =−++− dyxyxdxxyyyx➨  ( ) ( ) 0loglogloglog =−++− dyxyxdxxyyyx

( )dyxyxxdxyyyx loglogloglog −−=+−

( )[ ] ( )dyxyxdxxyyx loglogloglog −−=−−

dy
x

y
xdx

x

y
yx 








−=
















− loglog

dx

dy

x

y

x

y

x

y








−=
















− loglog1

Put v
x

y
= i.e., 

dx

dv
xv

dx

dy
vxy +=⇒=

( ) 





+−=−

dx

dv
xvvvv loglog1

dx

dv
vxvvvv logloglog1 −−=−

dx

dv
vx log1 −=
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0log =+ vdv
x

dx

∫∫ =+ cvdv
x

dx
log

( ) cvvx =−+ 1loglog

c
x

y

x

y
x =








−







+ 1loglog                         

6. Solve 
( ) ( )
( ) ( )xyxxyy

xyyxyx

dx

dy

y

x

/cos/sin

/sin/cos

−

+
=➨  

( ) ( )
( ) ( )xyxxyy

xyyxyx

dx

dy

y

x

/cos/sin

/sin/cos

−

+
=

    
( ) ( )

( ) ( )xyxxyxy

xyyxyxy

dx

dy

/cos/sin

/sin/cos
2

2

−

+
=                                ---(1)

Put vxy = ⇒
dx

dv
xv

dx

dy
+=

∴(1) becomes,     

( ) ( )

( ) 







−
















+








=+

x

vx
x

x

vx
vxx

x

vx
vx

x

vx
vxx

dx

dv
xv

cossin

sincos

2

2

                                      
[ ]
[ ]vvvx

vvvvx

cossin

sincos
2

22

−

+
=

                       
vvv

vvvv

dx

dv
xv

cossin

sincos 2

−

+
=+

                             v
vvv

vvvv

dx

dv
x −

−

+
=

cossin

sincos 2

                                      
vvv

vvvvvvvv

cossin

cossinsincos 22

−

+−+
=

                              
vvv

vv

dx

dv
x

cossin

cos2

−
=
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x

dx
dv

vv

vvv
2

cos

cossin
=

−

           ∫ ∫ +=







− c

x

dx
dv

vv

v

vv

vv
2

cos

cos

cos

sin

                      ∫ +=







− cxdv

v
v log2

1
tan

                    ( ) 1

2 logloglogseclog cxvv +=− [ ]1logcc =

                              ( )2

1log
sec

log xc
v

v
=






                                       
2

1

sec
xc

v

v
=

                                        vxcv 2

1sec =

                                       







=









x

y
xc

x

y 2
1sec

                                    xyc
x

y
1sec =








∴            

7. Solve ( ) ( )[ ] ( ) 0/cos/cos/sin =+− dyxyxdxxyyxyx➨ ( ) ( )[ ] ( ) 0/cos/cos/sin =+− dyxyxdxxyyxyx

               ( ) ( ) ( )[ ]dxxyyxyxdyxyx /cos/sin/cos −−=

                              
( ) ( )[ ]

( )xyx

xyyxyx

dx

dy

/cos

/cos/sin −
−=

                              
x

y

x

y

dx

dy
+







−= tan                                ---(1)

Put vxyv
x

y
== i.e., ⇒  

dx

dv
xv

dx

dy
+=

∴(1) becomes,   vv
dx

dv
xv +−==+ tan

                            v
dx

dv
x tan−=
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x

dx

v

dv
−=

tan

                    ∫ ∫ +−= c
x

dx
vdvcot

                   ( ) cxv +−= logsinlog

      ( ) 1loglogsinlog cxv =+ , where cc =1log

                      ( ) 1logsinlog cvx =

                        1sin cvx =

                   1sin c
x

y
x =








           

8. Solve ( ) ( )[ ] ( ) 0/sec/sec/tan 22
=+− dyxyxdxxyyxyx➨ ( ) ( )[ ] ( ) 0/sec/sec/tan 22

=+− dyxyxdxxyyxyx

               ( ) ( ) ( )( )dxxyyxyxdyxyx /sec/tan/sec 22
−−=

               
( ) ( )

( )

( )

( )xy

xy

x

y

xyx

xyxxyy

dx

dy

/sec

/tan

/sec

/tan/sec
22

2

−=
−

=      ---(1)

Put v
x

y
= i.e., vxy = ⇒  

dx

dv
xv

dx

dy
+=

∴(1) becomes,    
v

v
v

dx

dv
xv

2sec

tan
−=+

                            
v

v

dx

dv
x

2sec

tan
−=

                     
x

dx
dv

v

v
−=

tan

sec2

                  ∫ ∫ +−= c
x

dx
dv

v

v

tan

sec2

Put tv =tan ⇒ dtvdv =
2sec

∫ +−=∴ cx
t

dt
log

   cxt +−= loglog

   cxt =+ loglog
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( ) 1loglog cxt =

  1cxt =

  1tan cvx =

1tan c
x

y
x =








                                     

9. Solve 
dx

dy
xy

dx

dy
xy =+

22➨ 
dx

dy
xy

dx

dy
xy =+

22

        
dx

dy
x

dx

dy
xyy

22
−=

               ( )
dx

dy
xxyy

22
−=

           
2

2

xxy

y

dx

dy

−
=∴                   ---(1)

Which is a homogeneous equation.

Put vxy = ⇒
dx

dv
xv

dx

dy
+=

 (1) becomes,    
( )

( ) 2

2

xvxx

vx

dx

dv
xv

−
=+

( )12

22

−
=

vx

xv

                      
1

2

−
=+

v

v

dx

dv
xv

                            v
v

v

dx

dv
x −

−
=

1

2

1

22

−

+−
=

v

vvv

                            
1−

=
v

v

dx

dv
x

                       
x

dx
dv

v

v
=

−1

                    ∫ ∫ +=
−

c
x

dx
dv

v

v 1
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                ∫ +=







− cxdv

v
log

1
1

                 cxvv +=−∴ loglog

                                 cxvv ++= loglog

                                 ( ) cvxv += log

                            cyxy += log/            

10. Solve 
dx

dy
yx

dx

dy
xy +=−➨  

dx

dy
yx

dx

dy
xy +=−

dx

dy
x

dx

dy
yxy +=−

( )
dx

dy
yxxy +=−

    
yx

xy

dx

dy

+

−
=                       ---(1)

Put vxy = ⇒
dx

dv
xv

dx

dy
+=

(1) becomes,  
vxx

xvx

dx

dv
xv

+

−
=+

( )
( )xv

xv

+

−
=

1

1

1

1

+

−
=+

v

v

dx

dv
xv

                    v
v

v

dx

dv
x −

+

−
=

1

1

                             
( )

1

1

1

11 2

+

−−−
=

+

+−−
=

v

vvv

v

vvv

    
v

v

+

−−
=

1

1 2

                      
v

v

dx

dv
x

+

+
−=

1

1 2
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