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11.  If xxy n log= , show that 
x

n
yn

!
1 =+➨ xxy n log=

  xnx
x

xy
nn log

1 1

1

−+=

  xnxxy nn log11

1

−− +=

Multiplying x on both sides, we get

xnxxxy nn log1 +=

nyxxy n +=1

Differentiating n times, we get

nn

n

n nynyCxy +=++ !111

nnn nynynxy +=++ !1 !n=

x

n
yn

!
1 =+            

12.  If xxy n log1−= , show that 
( )

x

n
yn

!1−
=➨ xxy n log1−=

  ( ) xxn
x

xy
nn log1

1 21

1

−− −+=

         ( ) xxnxy nn log1 22

1

−− −+=

Multiplying x on both sides, we get

( ) xxnxxy nn log1 11

1

−− −+=

( )ynxxy n 11

1 −+= −

Differentiating ( )1−n  times, we get

( ) ( )[ ]ynxDxyD nnn 111
1

1 −+= −−−

( ) ( ) ( ) ( ) ( ) 11

2

1

1

1

1 1!11 −

−−− −+−=+ n

nnn
ynnyDCyxD

( ) ( ) ( ) 11 1!11 −− −+−=−+ nnn ynnynxy

( ) !1−= nxyn

( )
x

n
yn

!1−
=                         
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13. If [ ]21log xxy ++= , show that

    ( ) ( ) 0121 2

12

2 =++++ ++ nnn ynxynyx➨ [ ]21log xxy ++=

 







×

+
+

++
= x

xxx
y 2

12

1
1

1

1

22
1

 
[ ]

2

2

2
1

1

1

1

1

x

xx

xx
y

+

++

++
=

11 1

2 =+ yx

Squaring, on both sides, we get

 ( ) 11 2

1

2 =+ yx

Differentiating again with respect to x, we get

( ) 0221 2

121

2 =++ xyyyx

Dividing 12y  on both sides, we get

( ) 01 12

2 =++ xyyx

Differentiating n times, we get

( ) 0221 112112

2 =+++++ +++ n

n

nn

n

n

n

n yCxyyCyCxyx

( ) ( )
0

!2

1
221 112

2 =++
−

+++ +++ nnnnn nyxyy
nn

yxnyx

( ) ( ) ( ) 0121 2

12

2 =+−++++ ++ nnn ynnnxynyx

( ) ( ) 0121 2

12

2 =++++ ++ nnn ynxynyx                         

14. If 
x

x
y

log
= , prove that

     
( )









−−−−−
−

=
+ n

x
x

n
y

n

n

n

1
.........

3

1

2

1
1log

!1
1➨

x
xy

1
.log=

We know that ( ) vuvuCvuCuvuvD nn

n

n

n

n

n ++++= −− .........222111

Put xu log=
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Therefore, 
( ) ( )

n

n

n
x

n
u

!11
1

−−
=

−

and 
x

v
1

= ,   therefore, 
( )

1

!1
+

−
=

n

n

n
x

n
v

( ) ( ) ( )

( ) ( ) ( ) ( )
xx

n

x

n

x
C

x

n

x
C

x

n
x

x
xD

n

n

n

n
n

n

n
n

n

n
n

1
.

!11
.........

!211

!11
.

1!1
.log

1
.log

1

1

2

22

1

11

−−
++

−−







 −
+

−−
+

−
=








∴

−

−

−

−

+

( ) ( ) ( )

( )
( ) ( ) ( ) ( )

1

1

1

1

1

1

1

!11
.........

!2

!2

1
1

!11
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!1log

+

−

+

−

+

−

+

−−
++

−−
−+

−−
+

−
=









n

n

n

n

n

n

n

n
n

x

n

x

nnn

x

nn
x

x

n

x

x
D

                   
( ) ( ) ( )

1

1

1

1

1 2

!1!1
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!1
+

−

+

−

+

−
+

−
+

−
=

n

n
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n
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n
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( ) ( )
1

1
!11

.........
+

−
−−
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n

n

x
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( ) ( ) ( ) ( ) ( )











 −−
++

−
+

−
+

−
=

−−−
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!11
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2

1

1

1
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!1
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1 n

n
x

x

n
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( ) ( )

( ) 







−

−
−−−−

−
=

+ !1

!1
.........

2

1

1

1
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!1
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n
x

x

n
n
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( )







−−−−−

−
=

+ n
x

x

n
n

n
1

.........
3

1

2

1
1log

!1
1

                           

Exercises

1. Find the n
th
 derivatives of the following functions

    a) 
ax

ex
2

b) ( )3
baxe x +

    c) xx cos3
d) xx log3

    e) xe x log f) xx sin2

    g) 
xn

ex h) xx 3log2
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2.  If ,2 xexy = prove that

     ( ) ( ) ( )( )ynnynnynnyn 21
2

1
21

2

1
12 −−+−−−= .

3.   If ( )yx logtan= , prove that

     ( ) ( ) ( ) 01121 11

2 =−+−++ −+ nnn ynnynxyx .

4.   If ( )21sin xy −= , prove that ( ) 021 12

2 =−−− xyyx ,

differentiate the above equation n times with respect to x.

5.   If ( )n
xy 12 −= , prove that

     ( ) ( ) 0121 12

2 =+−+− ++ nnn ynnxyyx .

6.   If ( )xmy 1sinsin −= , prove that

     ( ) ( ) ( ) .0121 22

12

2 =−++−− ++ nnn ymnxynyx

7.   If ,sinsin ptyandtx == prove

      that ( ) ( ) ( ) 0121 22

12

2 =−−+−− ++ nnn ypnxynyx .

8.   If
xa

ey
1cos−

= , prove

     that ( ) ( ) ( ) 0121 22

12

2 =+−+−− ++ nnn yanxynyx .

9.  If 
2

1

1

sin

x

x
y

−
=

−

, prove that

      ( ) ( ) ( ) 01321
2

12

2 =+−+−− ++ nnn ynxynyx .

10. If ( )xy 1sin −= , prove that

     ( ) ( ) 0121 2

12

2 =−+−− ++ nnn ynxynyx

Hence show that ( ) 00 =ny if n is even,

and ( ) ( ) ( ) 22222
135.................420 ⋅⋅−−= nnyn if n is odd.

11. If ,tan xy = prove that

     ( ) ( ) ( ) 







=−+− −−

2
sin........000 4422

πn
ycycy n

n

n

n

n .

12. If xyy mm 2

11

=+
−

, prove that

( ) ( ) ( ) 0121 22

12

2 =−+++− ++ nnn ymnxynyx .
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Differential Calculus 111

13. If ( ) ( )11 22 −−+−+= xxbxxay  prove that

( ) ( ) 0121 12

2 =++− ++ nn xynyx .

14. If xey x cos2/2

= , prove that

( ) ( ) ( ) ( ) 00122040 22222 =−+− −+ nnn ynnnyy .

15. If 
n

n

x

b
axy += +1

, prove that 022 12
2 =−+ ++ nnn nynxyyx .

16. If ( )[ ] ,log
2

22
axxy ++=  prove that

( ) ( ) 012 2

12

22 =++++ ++ nnn ynxynyxa

17. If 
2x

ey
−= show that 022 11 =++ −+ nnn nyxyy

18. If ( ) ( )mm xbxay logsinhlogcosh +=  prove that

( ) ( ) 012 22

12

2 =−+++ ++ nnn ymnxynyx

19. If  ( )12logcos 2 +−= xxy , prove that

( ) ( )( ) ( ) 041121 2

12

2
=++−++− ++ nnn ynyxnyx

Answers

1. a) ( ){ }12222 −++− nnnaxxaea axn

    b) ( ) ( ) ( ) ( ){ baxanxbaxanbaxe
x +−++++ 223

133

( )( ) }321 annn −−+

    c) ( ){ } ( )( ) ( )( ){ }2132/cos13 22 −−−++−− nnnxnnxnnnx π

( )( )2/sin πnx +

    d) ( ) ( ){ }nnnnnx
xnxCxCxCxe

−−−−− −−+++−+ !11...!2log
13

3

2

2

1

1

    e)  ( ) ( )( ) ( )( )2/cos22/sin22 ππ nxnxnxnnx +−++−

    f) 
( ) ( )







 −

++
−

++ −−

!

1.........1
....

!2

1

!1

222
2

22
1

2

n

nn
x

nn
x

n
xe

nnnx

    g) ( ) ( )!31
2 1

2
−−

−

−
n

x

n

n

    h) ( ) ( ) 0121 2

12

2 =−+−− ++ nnn ynxynyx
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POLAR CURVES

Let OX, OY be the rectangular axes with origin O. Let P be any point

specified by its Cartesian co-ordinates (x, y).  The point P can also be

specified in the form of (r,θ ), where OP = r and θ  is the angle POX ˆ

measured in the anticlock wise direction. Here ( )θ,r  are called the Polar

coordinates of the point P.  In particular r is called the radius vector and

θ  is called the Polar angle.

Now we can find the relations between Cartesian and Polar co-ordinates.

From the right-angled triangle OPR, we have

r

x

OP

OR
==θcos and 

r

y

OP

PR
==θsin

θcosrx =∴                            ---(1)

and  θsinry =                                     ---(2)

      θθ 222222 sincos rryx +=+∴ ( )θθ 222 sincos += r

222 ryx =+∴ 22
yxr +=⇒                                ---(3)

and θ
θ

θ
tan

cos

sin
==

r

r

x

y

( )xy /tan 1−=∴θ                                   ---(4)

From the relations (1) and (2) we can find Cartesian co-ordinates when

the Polar co-ordinates are given and from the relations (3) and (4) we can

find the Polar co-ordinates when the Cartesian co-ordinates are given.

Figure 2.1

O 

Y 

X  x

 y

θ

r

P( ) x, y

R 
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Differential Calculus 113

The point ( )θ,rP  varies along the curve when both r and θ  vary.

Hence the equation of the curve in Polar form is ( ) ( ) arffr == θθ ,or

where a is constant.  The curve whose equation is given in the Polar form

is called the Polar curve.

Angle between Radius Vector and the Tangent to the Polar Curve

Let ( )θfr =  be any Polar curve.  Let P be any point on the curve, PT be

the tangent at P to the curve,ψ  be the angle between the tangent and the

x-axis and φ be the angle between radius vector and tangent.

Therefore, slope of ψtan=PT ( )θφ += tan
θφ

θφ

tantan1

tantan

−

+
=        ---(1)

We have, θcosrx =  and θsinry =

( ) θ
θ

θ
θ

cossin
d

dr
r

d

dx
+−= θθ

θ
sincos r

d

dr
−=

θ
θ

θ
θ

sincos
d

dr
r

d

dy
+=

( )
( ) θθθ

θθθ

θ

θ

sincos/

sin/cos

/

/

rddr

ddrr

ddx

ddy

dx

dy

−

+
==∴

( ) ( )[ ]
( ) ( )[ ]θθθθ

θθθθ

tan/1/cos

tan//cos

drdrddr

drdrddr

dx

dy

−

+
=

Figure 2.2

 φ

 ψ
 θ
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( )
( ) θθ

θθ

tan/1

tan/

drdr

drdr

dx

dy

−

+
=                   ---(2)

From equations (1) and (2), we have

( )
( ) θθ

θθ

θφ

θφ

tan/1

tan/

tantan1

tantan

drdr

drdr

−

+
=

−

+

           
dr

d
r

θ
φ =⇒ tan

Worked Examples

1. Find the angle between the radius vector and the tangent to the

    curve  ( )θcos1−= ar  at the point 
3

π
θ =➨ ( )θcos1−= ar

  θ
θ

sina
d

dr
=

  
θ

θ

sin

1

adr

d
=

             
θ

θ

sina

r

dr

d
r =

( )
θ

θ

sin

cos1

a

a −
=

         
( )

( ) ( )








==

−
=

2
tan

2/cos2/sin2

2/sin2

sin

cos1 2 θ

θθ

θ

θ

θ

( ) ( )2/tan/tan θθφ == drdr 2/θφ =⇒

At
62

3/
,

3

ππ
φ

π
θ ===                         

2. Find the angle between the radius vector and the tangent to the

    curve  
22 2cos ar =θ➨  

22 2cos ar =θ

     ( ) 022cos22sin2 =+−
θ

θθ
d

dr
rr

           θ
θ

θ 2sin22cos2 2
r

d

dr
r =
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θ

θ

θ 2cos

2sinr

d

dr
=

θ

θ

2sin

2cos

r
=

   θ
θ

2cot=
dr

d
r

Therefore, ( ) ( )( )θπθθφ 22/tan2cot/tan −=== drdr

    ( ) θπφ 22/ −=⇒            

3. Find the angle between the radius vector and the tangent to the

    curve ( )θθ mmar mm sincos +=

 ➨    ( )θθ mmar mm sincos +=

    ( )mmmma
d

dr
mr

mm ⋅+⋅−=− θθ
θ

cossin1

     ( )θθ
θ

mmma
d

dr
mr

mm sincos1 −=−

   
( )

1

sincos
−

−
=

m

m

r

mma

d

dr θθ

θ

   
( )θθ

θ

mma

r

dr

d
m

m

sincos

1

−
=

−

 
( )θθ

θ

mma

r

dr

d
r

m

m

sincos −
=

( )
( )θθ

θθ

mma

mma
m

m

sincos

sincos

−

+
=

                        
( )
( )

( )
( ) θπ

θπ

θθ

θθ

m

m

mm

mm

tan4/tan1

tan4/tan

tan1cos

tan1cos

−

+
=

−

+
=

           ( )( )θπ m+= 4/tan              ( )4/tan1 π=∵

Therefore, ( ) ( )( )θπθφ mdrdr +== 4/tan/tan

                 ( ) θπφ m+=⇒ 4/            

4. Find the angle between the radius vector and the tangent to the

    curve θcos1
2

−=
r

a➨ θcos1
2

−=
r

a

     ( ) ar 2cos1 =− θ
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      ( ) 0cos1sin =−+
θ

θθ
d

dr
r

   
( )θ

θ

θ cos1

sin

−

−
=

r

d

dr ( )
θ

θθ

sin

cos1

rdr

d

−

−
=⇒

   
( )

θ

θθ

sin

cos1−
−=

dr

d
r

( )
( ) ( )2/cos2/sin2

2/sin2 2

θθ

θ
−= 








−=

2
tan

θ

Therefore, ( ) ( ) ( )( )2/tan2/tan/tan θπθθφ −=−== drdr

      ( )2/θπφ −=⇒                                      

5. Find the angle between the radius vector and the tangent to the

    curve 
mm amr =θcos➨ 

mm amr =θcos

    ( ) 0cossin 1 =+− −

θ
θθ

d

dr
mrmmmr

mm

     θ
θ

θ mmr
d

dr
mrm

mm sin.cos 1 =−

  
θ

θ

θ mr

mr

d

dr
m

m

cos

sin
1−

= θmr tan=

            θ
θ

θ
m

mdr

d
r cot

tan

1
==

Therefore, ( ) θθφ mdrdr cot/tan == ( )( )θπ m−= 2/tan

      ( ) θπφ m−=⇒ 2/                         

6. Find the angle between the radius vector and the tangent to the

    curve 
αθ cot

er =➨       
αθ cot

er =

       α
θ

αθ cotcot
e

d

dr
= αcotr=

      
α

θ

cot

1

rdr

d
=

   α
α

θ
tan

cot

1
==

dr

d
r
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   Therefore, ( ) αθφ tan/tan == drdr

                 αφ =⇒                                      

7. Find the angle between the radius vector and the tangent and also

    find the slope of the  tangent to the curve θ2sin22
ar = at

   ( )12/πθ = ➨ θ2sin22
ar =

          2.2cos2 2 θ
θ

a
d

dr
r =

              
r

a

d

dr θ

θ

2cos2

=

              
θ

θ

2cos2
a

r

dr

d
=

           
θ

θ

2cos2

2

a

r

dr

d
r =

θ

θ

2cos

2sin
2

2

a

a
= θ2tan=

Therefore, ( ) θθφ 2tan/tan == drdr

                θφ 2=⇒

If 
12

π
θ = , then 








=

12
2

π
φ

6

π
=

We have, φθψ +=
12

2

612

ππππ +
=+=

4

π
=

Therefore, the slope of the tangent = ( ) 14/tantan == πψ           

Exercises

I.  Find the angle between radius vector and the tangent for the

     following curves.

     1) ( ) ar =2/sec2 θ         2)  ( )θθ 2cos2sin22 += ar

     3) θcos1 e
r

l
+=    4)  ( )θcos1+= ar

     5) ( )αθ += nar nn sec  6) 
22 2cos ar =θ

This is only a SAMPLE page. 
Upon purchase, the gray background will be removed. 

To get your personalized e-book / e-copy visit 
www.interlinepublishing.com or 

www.9thclick.com -> Online Shopping -> Books -> E book / E copy



Advanced Mathematics – I118

     7) θnar
nn sin= 8)  ( )θsin1+= ar at ( )6/πθ =

     9)  ( ) ar 2cos1 =+ θ

II. Find the angle between the radius vector and the tangent and also

    find slope of the tangent for the following curves.

    1) ( )θcos1+= ar  at ( )3/πθ =

    2) ( )θsin1+= ar  at ( )2/πθ =

Answers

I.   1) ( ) 2/θπ +   2) ( ) 4/8θπ +       3) 






 +−

θ

θ

sin

cos1
tan 1

e

e

     4) ( ) 2/θπ +    5) ( ) ( )αθπ +− n2/       6) ( ) θπ 22/ −

     7) θn     8) 2/π 9) 2/θ
II. 1) 0,3/2π      2) 0,2/π

Angle between two Polar Curves

Suppose ( )θfr = and ( )θgr =  are two Polar curves intersecting at the

point P. Let PS and PT  be the tangents to the curves ( )θfr =  and

( )θgr =  at the point P respectively.  Then the angle between two curves

is same as angle between the tangents PS and PT .

i.e., 12 φφφ −=

Figure 2.3

 r=f ( )θ

  r=g( )θ

X 

Y 

O S T 

φ1

φ2

.

φ

P 
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or 12tantan φφφ −= ( )12tantan φφφ −=⇒

    
12

12

tantan1

tantan
tan

φφ

φφ
φ

+

−
=

Note Two curves are said to be orthogonal if 2/12 πφφ =−  or

1tantan 21 −=⋅ φφ

Worked Examples

1. Find the angle between the pairs of curves

   arar == 2,cosθ➨ arar == 2cosθ

Differentiating both equations with respect to θ , we get

   ( ) 02sin =−=
θ

θ
θ d

dr
a

d

dr

    0
sin

1
=−=

θθ

θ

d

dr

adr

d

 ∞=−=−=
dr

d

a

a

a

r

dr

d
r

θ

θ

θ

θ

θ

sin

cos

sin

  







+=−= θ

π
θ

2
tancot                          ∞=

dr

d
r

θ

Therefore, ( ) ( )( )θπθφ +== 2/tan/tan 1 drdr

                 ( ) θπφ +=⇒ 2/1

            and ( ) ∞== drdr /tan 2 θφ 2/2 πφ =⇒

Hence, 1 2ϕ ϕ ϕ= −
2 2

π π
θ θ= − − =                                ---(1)

We have, ar =2 and θcosar =

Therefore, ( ) aa =θcos2 1cos2 =⇒ θ

  2/1cos =θ ⇒ 3/πθ =

         3/πθφ ==                                                                         
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2. Find the angle between the pairs of curves

   ( )θθ cos12,cos6 +== rr➨        ( )θθ cos12,cos6 +== rr

Differentiating both equations with respect to θ , we get

   ( )θ
θ

sin6 −=
d

dr
                                ( )θ

θ
sin2 −=

d

dr

θ

θ

θ

θ

sin2sin6

r

dr

d
r

r

dr

d
r −=−=

         
θ

θ

sin6

cos6
−=                         

( )
θ

θ

sin2

cos12 +
−=

θcot−=                                      
( )

( ) ( )2/cos2/sin2

2/cos2 2

θθ

θ
−=

             







+= θ

π

2
tan                                       








+=−=

22
tan

2
cot

θπθ

Therefore, ( ) ( )( )θπθφ +== 2/tan/tan 1 drdr

                   ( ) θπφ +=⇒ 2/1

( ) ( ) ( )( )2/2/tan/tan 2 θπθφ +== drdr

( ) ( )2/2/2 θπφ +=⇒

12 φφφ −= θ
πθπ

−−+=
222 2

θ
=                                ---(1)

We have,

( )θθ cos12,cos6 +== rr

       ( )θθ cos12cos6 +=∴

                     θθ cos22cos6 +=

        2cos2cos6 =− θθ

        2cos4 =θ

       1cos2 =θ

          
2

1
cos =θ ⇒

3

π
θ =

62

3
)1(

ππ
φ ==⇒∴            
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