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(ii) Let 
i

i

i

i
z

−

−
×

+

−
=

1

1

1

1 ( )
22

2

1

1

i

i

−

−
=

2

21 22
ii −+

=
2

211 i−−
=

  iz −=

  ( ) 110
22 =−+== zr

  ( )
2

tan
0

1
tan 11 π

α =∞=
−

= −−

Here ( )1,0 −=−= iz is on negative y–axis

Therefore,  =θ
2

3

2
amp

ππ
π =+=z

Hence, exponential form of a given complex number is

ii
i

eerez 2

3

2

3

1

ππ
θ =⋅==

(iii) Let iz
2

1

2

3
−−=

   1
4

1

4

3
=+== zr

( )
( ) 63

1
tan

2/3

2/1
tan 11 π

α =







=

−

−
= −−

Here, iz
2

1

2

3
−−=  is in the 4

th
 quadrant

Therefore, απθ −== 2  amp z
6

2
π

π −=
6

11π
=

Hence, exponential form of a given complex number is

ii
i

eerez 6

11

6

11

1

ππ
θ =⋅==

(iv) Let 
( )( )

i

ii
z

31

211

+

++
=

i

iii

31

221 2

+

+++
=

i

i

31

231

+

−+
=

      
i

i

i

i

31

31

31

31

−

−
×

+

+−
=

2

2

91

9331

i

iii

−

−++−
=

10

86 +
=

i
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   iz
5

3

5

4
+=

   1
25

9

5

16
=+=r

              







== −−

4

3
tan

5/4

5/3
tan 11α









== −

4

3
tan 1αθ

Hence, exponential form of a given complex number is








−

== 4

3
tan 1

.1
i

i
erez

θ







−

= 4

3
tan 1i

e            

12. Prove that 







=

−−

++

2
cot

sincos1

sincos1 θ

θθ

θθ
i

i

i➨    
θθ

θθ

sincos1

sincos1

i

i

−−

++
=

















−
























+








2
cos

2
sin2

2
sin2

2
cos

2
sin2

2
cos2

2

2

θθθ

θθθ

i

i

=

( ) 















−







−

















+








2
cos

2
sin2

2
sin2

2
cos

2
sin2

2
cos2

22

2

θθθ

θθθ

ii

i

=

















+















−

















+
















2
sin

2
cos

2
sin2

2
sin

2
cos

2
cos2

θθθ

θθθ

ii

i

= 







−

2
cot

1 θ

i
= 









2
cot

θ
i

Therefore, 







=

−−

++

2
cot

sincos1

sincos1 θ

θθ

θθ
i

i

i
           
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13. Express the following in the form of  yix +

      (i) ilog                (ii) ( )iloglog➨ (i) Since 2

2
sin

2
cos

π
ππ i

eii =+=

Therefore, 2loglog

π
i

ei = ei elog
2

π
=

    
2

log
π

ii =      ---(1)

(ii) From equation (1), we have

 
2

log
π

ii =

Therefore, ( ) 







=

2
logloglog

π
ii  =

2
loglog

π
+i =

2
log

2

ππ
+i

    ( )
22

logloglog
ππ

ii +=                         

14.  If iyxiba +=+ prove that iyxiba −=−➨ Here iyxiba +=+

  ( ) ( ) ( )xyiyxiyixyxiyxiba 22 22222
+−=++=+=+

Equating real and imaginary parts, we get

xybyxa 2,22 =−=

xyiyxiba 222 −−=−

( ) ( ) ( )222 2 iyxiyxiyxiba −=−+=−

( )iyxiba −=−                         

Exercises

I. Express the following numbers in the form iyx +

   (1)
i34

1

+
(2)

( ) ( )22
2

1

2

1

ii −
−

+
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   (3)
θθ sin2cos1

1

i+−
(4)

i

i

i

i

+

−
−

−

+

1

1

1

1

   (5)
i

i

i

i

23

52

23

52

+

−
+

−

+
(6)

( )
3

3

1

1

i

i

−

−

   (7)
i

i

−

+

1

1
(8)

i

i

−

+

3

3

II. Find the conjugate of the complex number.

   (1)
( )( )
( )( )ii

ii

−+

+−

221

3223
(2)

( )
i

i

−

+

3

1
2

   (3)
( )( )

i

ii

+

+−

1

232
2

(4)
i

i

i

i

23

52

23

52

+

−
+

−

+

   (5)
i

i

i

i

−

+
+

+

−

2

3

2

3
(6)

iii −
+

−
−

+ 1

2

2

2

1

3

   (7)
i

i

−

+

1

1
(8)

ii

ii

125125

125125

−−+

−++

III. Find the real values x and y for which the following equations are

      satisfied.

  (1)   ( ) ( ) 111 =++− yixi

  (2) ( )( ) iiiyx 1584 +=−+

   (3)
( )( ) ( )

i
i

iyi

i

ixi
=

−

+−
+

+

−+

3

32

3

21

   (4) If iz 342 −−= Find z ( or find the value of )i34 −−

   (5) Find the real value of θ  for which 
θ

θ

cos21

cos1

i

i

−

+
 is a real number.

   (6) Find ( )( ) iyxzwhereiiiyxifz +=+=−+ 4,32

   (7) Evaluate 

2

25

19 1








+

i
i
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   (8) Evaluate 

3

34

17 1








−

i
i

   (9) Find i247 −

  (10) Find the square root of 8–15i

  (11) If 11252 −=+z find the complex number z

  (12) Find all complex numbers satisfying 
2zz =

  (13) Find the number of solutions to the equation 02 =+ zz

  (14) If iba
i

i
+=









+

−
100

1

1
 then find a and b

  (15) Prove that 









−=










+

2

3

2

1
3

2

3

2

3 25

50

i
i

IV. Express the following complex numbers in polar form and hence find

their modulus and amplitude.

(1)
i

i

+

−

1

1
(2) 2i

(3) –12 (4)
( )

i

i

3

2
2

+

(5)

2

3

2









−

+

i

i
(6)

33

1

1

1

1









+

−
−









−

+

i

i

i

i

(7) 22 −− i (8)
( )2
12

1

i

i

−−

+

(9) 
( )

iz

izz

4

2

+

+
where iz +=1

(10)
2

2
65

432

++

++−+

ii

iiii
(11)      344 i−
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Answers

I. (1) i






 −
+

25

3

25

4
              (2) i

2

15

2

17
−

(3)
( ) ( )θ

θ

θ cos35

2
cot2

cos35

1

+










−
+

i   (4) 0+2i

(5) 0
13

8
i+−               (6) 0.2 i+−

             (7) 0+i                                                (8) i









+

2

3

2

1

II. (1)
25

16

25

63
i+ (2) i

5

3

5

1
−−

(3)
2

15

2

17 i
+ (4) 0.

13

8
i−−

(5) 2 (6)
10

9

10

17
i+

(7) i− (8) i
2

3

III. (1)
2

1
,

2

1
== yx (2) 4,1 −=−= yx

(3) 1,3 −== yx               (4)     i
2

3

2

1
− , i

2

3

2

1
+−

(5)
2

π
            (6) i

13

14

13

5
+

              (7) – 4 (8) ( )i−− 12

(9) i34 −± (10) ( )i35
2

1
−±
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(11) ( )i32 +±             (12)   ii
2

3

2

1
,

2

3

2

1
,1,0 −−+
−

(13) 4 (14) 0,1 == ba

IV. (1)
2

,1
π

− (2)  
2

,2
π

(3) π,12

(4) 







−−

4

3
tan,

3

5 1
(5)

2
,

2

1 π

(6)
2

,2
π

− (7)
4

3
,2

π−
(8) 0,

2

1

(9)
9

7
tan,

13

10 1−
(10) 2, 0

(11)
3

,8
π−

DE MOIVRE’S THEOREM

If n is any integer, then ( ) θθθθ nini
n

sincossincos +=+ and if n is a

rational number say qp / , then ( ) qp
i

/
sincos θθ + has q values and one

of its values is θθ )/sin()/cos( qpiqp +

Proof

Case (1) Let n be a positive integer.

In this case we will prove the result by mathematical induction.

If n=1 then ( ) θθθθ ⋅+⋅=+ 1sin1cossincos
1

ii

      = θθ sincos i+
Therefore, the result is true for n = 1

Let us assume that the result is true for n = m.

( ) θθθθ mimi
m

sincossincosie., +=+      ---(1)

Multiplying both sides of (1) by θθ sincos i+ , we get

( ) ( )( )θθθθθθ sincossincossincos
1

imimi
m

++=+
+
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= ( ) ( )θθθθθθθθ sincoscossinsinsincoscos mmimm ++−

= ( ) ( )θθθθ +++ mim sincos

= ( ) ( )θθ 1sin1cos +++ mim

Therefore, the result is true for n = m +1

Hence, the result is true for all the value of n

Case (2) Let n be a negative integer i.e., mn −=  where m is a positive

integer. Consider  ( ) ( ) mn
ii

−
+=+ θθθθ sincossincos

=
( )m

i θθ sincos

1

+
=

θθ mim sincos

1

+
           (from  case (1))

=
( )( )θθθθ

θθ

mimmim

mim

sincossincos

sincos

−+

−

=
θθ

θθ

mm

mim
22 sincos

sincos

+

−

= θθ mim sincos −

= ( ) ( )θθ mim −+− sincos

= θθ nin sincos +

Case (3) Let n be a rational number i.e.,
q

P
n = , where p and q are

integers and 0≠q

Let z = 







+








θθ

q

p
i

q

p
sincos

Therefore, 

q

q

q

p
i

q

p
z 
















+







= θθ sincos

         = 







+







θθ

q

p
qi

q

p
q sin.cos

         = θθ pip sincos +

         = ( )p
i θθ sincos +                         (From case (1) and (2))
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   ( )Pq iz θθ sincos +=

Taking q
th
 root on both sides we get q values of z and one of these q

values is equal to ( ) q

P

i θθ sincos +

Therefore, ( )q

P

iz θθ sincos +=

i.e., ( )q

P

i
q

P
i

q

P
θθθθ sincossincos +=








+








Hence, ( ) θθθθ nini
n

sincossincos +=+ is true for all the values of n

i.e., ( ) θθθθ nini
n

sincossincos +=+

Note (1) By replacing θ−  in (1), we get

              ( ) θθθθ nini
n

sincossincos −=−

        (2) θθθ cissincos =+ i

        (3) ( )θθθ −=− cissincos i

Prove the following

(i) ( )βαβα += cisciscis (ii) ( )βα
β

α
−= cis

cis

cis

Proof    (i) ( )( )ββααβα sincossincosciscis ii ++=

                 = βαβαβαβα sinsinsincoscossincoscos 2iii +++

    = ( )βαβαβαβα sincoscossinsinsincoscos ++− i

                 = ( ) ( )βαβα +++ sincos i

( )βαβα += cisciscis

(ii) 
ββ

ββ

ββ

αα

β

α

sincos

sincos

sincos

sincos

cis

cis

i

i

i

i

−

−
×

+

+
=

                
ββ

βαβαβαβα
222

2

sincos

sinsinsincoscossincoscos

i

iii

−

−−+
=

                
[ ]

ββ

βαβαβαβα
22 sincos

sincoscossinsinsincoscos

+

−++
=

i
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   ( ) ( )βαβα −+−= sincos i

       ( )βα
β

α
−= cis

cis

cis

Similarly

( )nn ...........ααα...........ααα αα 321321 cis ciscisciscis ++=⋅⋅

Worked Examples

1.  Simplify 
( ) ( )

( )3

73

4sin4cos

2sin2cos6sin6cos

θθ

θθθθ

i

ii

−

+−➨ 
( ) ( )

( )
( )( ) ( )

( )[ ]3

73

3

73

4cis

2isc6cis

4sin4cos

2sin2cos6sin6cos

θ

θθ

θθ

θθθθ

−

−
=

−

+−

i

ii

= 
( ) ( )

( ) 34

7236

cis

ciscis
×−

××−
×

θ

θθ
= ( ) 121418

cis
++−

θ

= ( )8
cisθ = θ8cis  = θθ 8sin8cos i+                               

2. Prove that ( ) ( ) 13
33

23131 +=−−++− n
nn

ii , where n is an integer.➨ We have, 















+







=+−

3

2
sin

3

2
cos231

ππ
ii

     ( )
n

n
ii

3

3

3

2
sin

3

2
cos231 
















+=+−

ππ

  = [ ]ππ ninn 2sin2cos23 +                   ---(1)

Similarly 







−=−−

3

2
sin

3

2
cos231

ππ
ii

    ( ) [ ]ππ nini n
n

2sin2cos231 3
3

−=−−⇒                    ---(2)

Adding equation (1) and (2), we get

( ) ( ) πnii nn
n

2cos2.23131 33
3

=−−++−

          =
132 +n

        ( ) 112cos
2

=−=
n

nπ∵       
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3.  If βα and  are the roots of the equation

    
3

cos2,042 12 π
βα

n
thatprovethenxx

nnn +=+=+−➨ 0422 =+− xx

( )( )
( )12

41442 −±
=x = 

2

122 −±
= 

2

322 i±

   = βα ,31 =± i

Therefore,  31,31 ii −=+= βα

We have,









+=+=

3
sin

3
cos231

ππ
α ii

          ( )
n

nnn ii 







+=+=

3
sin

3
cos231

ππ
α

          







+=

3
sin

3
cos2

ππ
α

n
i

nnn
                  ---(1)

Similarly 







−=−=

3
sin

3
cos231

ππ
β ii

( )
n

nnn ii 







−=−=∴

3
sin

3
cos231

ππ
β









−=

3
sin

3
cos2

ππ
β

n
i

nnn
                  ---(2)

3
cos2

3
cos2.2 1 ππ

βα
nn nnnn +==+∴            

4. Prove that

( ) ( )
2

cos
2

cos2sincos1sincos1 1 θθ
θθθθ

nn
ii

nnn +=−++++➨ ( ) ( )nn
ii θθθθ sincos1sincos1 −++++

         

nn

ii 







−







+





+=

2
cos

2
sin2

2
cos

2
cos

2
sin2

2
cos2 22 θθθθθθ
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n

nnnn ii 





−+





+=

2
sin

2
cos

2
cos2

2
sin

2
cos

2
cos2

θθθθθθ

          





−+





+=

2
sin

2
cos

2
cos2

2
sin

2
cos

2
cos2

θθθθθθ n
i

nn
i

n nnnn

          





=

2
cos2

2
cos2

θθ nnn

          
2

cos
2

cos2 1 θθ nnn+=            

5.  Show that ( ) ( ) ( ) 















+=−++ −

a

b
nbaibaiba

n
nn 1222 tancos2➨ If θcosra = and θsinrb = then

( ) 2

1

22222 barrba +=⇒=+

and 







=⇒= −

a

b

a

b 1tantan θθ

Therefore, ( ) ( )θθ sincos iriba +=+

   ( ) ( )θθ ninriba nn
sincos +=+      ---(1)

and      ( ) ( )θθ sincos iriba −=−

  ( ) ( )θθ ninriba nn
sincos −=−     ---(2)

Adding equations (1) and (2), we get

( ) ( ) θnribaiba nnn
cos2=−++                       

( ) ( ) ( ) 















+=−++ −

a

b
nbaibaiba

n
nn 1

2
22 tancos2                 

6. If γβα cos2
1

cos2
1

,cos2
1

=+=+=+
z

zand
y

y
x

x , then

prove the following

     (i) αn
x

x
n

n cos2
1

=+   (ii) αni
x

x
n

n sin2
1

=−
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     (iii)
( )
( )

( )
( )

( )βα mn
x

y

y

x
n

m

m

n

−=+ cos2

      (iv)
( ) ( )lxmn

yx

z

z

yx
mn

l

l

mn

−+=+ βαcos2➨        αcos2
1

=+
x

x

01cos22 =+− αxx

( )( )
( )12

114cos4cos2 2 −±
=

αα
x

( )
2

1cos4cos2 22 −±
=

αα

2

sin2cos2 22 αα −±
=

             αα sincos ix ±=

Let ααα cissincos =+= ix

Similarly βββ iscsincos =+= iy

 γγγ cissincos =+= iz

(i)  ( ) αα nx nn cisisc ==

     αα ninx n sincos +=                   ---(1)

and  αα nin
x

n
sincos

1
−=                                        ---(2)

Adding (1) and (2), we get

αn
x

x
n

n cos2
1

=+∴

(ii)   Subtracting (2) from (1), we get

αni
x

x
n

n sin2
1

=−
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