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V. Find the n
th
 derivatives of the following
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Substituting equation (2) in (1), we get
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Put θcosrx =    θsin1 r=
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Substituting (4) and (5) in (3), we get
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This is same as Example 1 and, we have
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Exercises

Find the n
th
 derivatives of the following functions
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
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
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
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


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




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
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−

x
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r

n
n

n
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!11

2
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







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−

x
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r

n
n

n
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!11
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26)  
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




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
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x
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r

n
n

n
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




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
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x
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r

n
n

n
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1
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−
where 








= −

x

1
tan 1φ

LEIBNITZ’S THEOREM

With the help of this theorem, we can find the n
th
 derivative of the

product of two functions. If u and v are any two functions of x, then

( ) vuvuCvuCuvyvu nn

n

n

n

nnn
−−−+++== −− 222111.

vuvuC nrrnr

n +−−−+−−−+ −

where n is the suffix denotes the n
th
 differentiation.
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Worked Examples

1. Find the n
th
 derivatives of the following

   a) xxex x cosb)
2

   c) xx log2

   d) 
x

ex
23➨ a) Let 

xexy 2=

Differentiating n times, we get

( )xn

n exDy
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      ( ) ( ) ( ) ( ) ( )xnnxnnxn eDCeDxCeDx 2
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1

1

2 22 −− ++=
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e
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222 −
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b) Let xxy cos=
Differentiating n times, we get

   ( )xxDy
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




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






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2

1
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2
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ππ n
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n
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c) Let xxy log2=

Differentiating n times, we get
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n
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x

n
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2

3
!31

1
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−
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n

n

x

n
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d) Let 
xexy 23=

Differentiating n times, we get
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( )xnn exDy 23=

      ( ) ( ) ( ) ( ) ( )xnnxnnxn eDxCeDxCeDx 22

2

212

1

23 63 −− ++=

          ( ) ( )xnn
eDC

23

3 6 −+

( ) xnxnxn
e

nn
xenxex

2221223 2
!2

1
6232 −− −

++=

( )( ) xn
e

nnn 232
!3

21
6 −⋅

−−
+

( ) xnxnxn xennenxex 2222123 123232 −⋅+⋅+= −−

( )( ) xn ennn 23 212 −−+ −
                       

2. If xy 1tan −= , prove that

    ( ) ( ) ( ) 01121 12

2 =+++++ ++ nnn ynnxynyx➨ Let xy 1tan −=

Differentiating with respect to x, we get

21
1

1

x
y

+
=

      ( ) 11 1

2 =+ yx

Differentiating again with respect to x, we get

( ) 021 12

2 =++ xyyx

Using Leibnitz’s theorem, we get

( ) ( ) ( ) ( ) ( ) 022221 112112

2 =+++++ +++ n

n

nn

n

n

n

n yCyxyCyxCyx

( ) ( )
0222

!2

1
21 112

2 =++
−

+++ +++ nnnnn ynxyy
nn

xynyx

( ) ( ) ( ) 02211 2

12

2 =+−++++ ++ nnn ynnnxynyx

( ) ( ) ( ) 01121 12

2 =+++++ ++ nnn ynnxynyx                         

3. If ( )xmy logcos=  then prove that

   ( ) ( ) 012 22

12

2 =++++ ++ nnn ynmxynyx➨ ( )xmy logcos=

Differentiating with respect to x, we get
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( )
x

m
xmy ⋅−= logsin1

( )xmmxy logsin1 −=

Differentiating again with respect to x, we get

( )
x

m
xmmyxy ⋅−=⋅+ logcos1 12

     
( )

x

xm
m

logcos2−=

ymxyyx 2

12

2 −=+

02

12

2 =++ ymxyyx

Differentiating n times, we get
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112112

2 =+++++ +++ nn

n
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n

n

n

n ymyCxyyCyxCyx
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0
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1
22 2

112
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++ +++ nnnnnn ymnyxyy
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( ) 012 2
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02 2

1

2
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2 =+++−++ +++ nnnnnnn ymnyxynyynnxyyx

( ) ( ) 012 22

12

2 =++++ ++ nnn ynmxynyx                                    

4. If 
xa

ey
1sin−

=  then prove that

   ( ) ( ) ( ) 0121 22

12

2 =+−+−− ++ nnn yanxynyx➨ xa
ey

1sin−

=

Differentiating with respect to x, we get

2

sin

1

1

1

x

a
ey
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−
=

−

ayyx =− 1

21

Squaring both sides

( ) 222

1

21 yayx =−

Differentiating again with respect to x

( ) ( ) 2

1

2

121

2 2221 ayyxyyyx =−+−

Dividing by 12y  on both the sides, we get
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( ) yaxyyx 2

12

21 =−−

( ) 01 2

12

2 =−−− yaxyyx

Differentiating n times, we get

( ) ( ) ( ) n

n

n

n

n yCyxCyx 221 2112
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( ){ } 01 2

11 =−+− + nn
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0

!2

1
221 2

112

2 =−−−
−

−−− +++ nnnnnn yanyxyy
nn

nxyyx

( ) ( ) [ ] 0121 22

12
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12

2 =+−+−− ++ nnn yanxynyx                             

5. If ( )xmy 1sinsin −= ; then prove that

   ( ) ( ) ( ) 0121 22

12

2 =−++−− ++ nnn ynmxynyx➨ ( )xmy 1sinsin −=

Differentiating with respect to x, we get

( )
2

1

1

1
sincos

x

m
xmy

−
⋅= −

( )xmmyx 1

1

2 sincos1 −=−

Squaring on both sides, we get

( ) ( )xmmyx 1222

1

2 sincos1 −=−

( ) ( )( )xmmyx 1222

1

2 sinsin11 −−=−

( ) ( )222

1

2 11 ymyx −=−

Differentiating with respect to x, we get

( ) ( ) ( )1

22
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2 2221 yymyxyyx −=−+⋅−

Dividing by 12y on both sides, we get

( ) ymxyyx 2
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21 −=−−

( ) 01 2

12

2 =+−− ymxyyx

Differentiating n times, we get
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( ) ( )
0

!2

1
221 2

112

2 =+−−
−

−−− +++ nnnnnn ymnyxyy
nn

nxyyx

( ) ( )[ ] 112

2 121 +++ −−−−− nnnn xyynnnxyyx

02 =+− nn ymny

( ) ( ) 0121 22

12

2 =+−+−+−− ++ nnnnnn ymnynyynxynyx

( ) ( ) ( ) 0121 22

12

2 =−++−− ++ nnn ynmxynyx                            

6. If ( )12logsin 2 ++= xxy , prove that

    ( ) ( )( ) ( ) 041121 2

12

2
=++++++ ++ nnn ynyxnyx

 ➨ ( )12logsin 2 ++= xxy ( )2
1logsin += x

    ( )[ ]1log2sin += xy

Differentiating with respect to x, we get

( )[ ]
1

1
.2.1log2cos1

+
+=

x
xy

( ) ( )[ ]1log2cos21 1 +=+ xyx

Differentiating again with respect to x, we get
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y
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Differentiating n times, we get
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2
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n

n
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( ) ( )( ) ( )[ ] 0411121 12

2
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2
=++−+++++ ++ nnn ynnnyxnyx

( ) ( )( ) ( ) 041121 2

12

2
=++++++ ++ nnn ynyxnyx                      

7. If 

p

n

x

b

y








=







− logcos 1
, prove that

    ( ) ( ) 012 22

12

2 =++++ ++ nnn ypnxynyx➨  Given ( ) ( )p
nxby /log/cos 1 =−

     ( )( )p
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b

y
/logcos=

                  ( )[ ] [ ]npxpbnxpby loglogcos/logcos −==

Differentiating with respect to x, we get
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x
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y loglogsin1 −

−
=
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Differentiating again with respect to x, we get
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x
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2
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Differentiating n times, we get
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( ) [ ] 012 22
12

2 =++−+++ ++ nnn ypnnnxynyx

( ) ( ) 012 22

12

2 =++++ ++ nnn ypnxynyx                         

8.  If ( )m

xxy 12 ++= , prove that

    ( ) ( ) ( ) 0121 22

12

2 =−++++ ++ nnn ymnxynyx➨ ( )m

xxy 12 ++=

Differentiating with respect to x, we get
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Squaring on both the sides, we get

( ) 222

1

2 1 ymyx =+

Differentiating again, we get

( ) 1

22
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2 2221 yymxyyyx =++

Dividing by 12y  on both the sides, we get
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Differentiating n times, we get
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9.   If ( ) ( ),logsinlogcos xbxay += prove that

      ( ) ( ) 0112 2

12

2 =++++ ++ nnn ynxynyx

 ➨ ( ) ( )xbxay logsinlogcos +=

Differentiating with respect to x, we get
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x
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x

xay
1
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1
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Differentiating again, we get
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Differentiating n times, we get
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10.  If ( )xx
dx
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y

n

n

n

n log= , prove that ( ) 1!1 −+−= nn nyny
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