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=
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
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1
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(iii) Let 
( )22
1

1
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1

ii
z

+
−

−
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iiii 21
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1
2222
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−
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2

1
−

−
=
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4. Express the following in the form iba + and also find the conjugate

    (i)
iii −

+
−

−
+ 1

1

2

1

1

3
(ii)

θθ sin2cos1

1

i+−
 (iii)  

αtan1

1

i−➨ (i) Let 
iii

z
−

+
−

−
+

=
1

1

2

1

1

3
 =

iii −
−

−
+

+ 2

1

1

1

1

3

      = 
( ) ( )

( )( ) iii

ii

−
−

−+

++−

2

1

11

113
 =

ii

ii

−
−

−

++−

2

1

1

133
2

      =
i

i

−
−

+

−

2

1

11

24

     = 








+

+
×

−
−−

i

i

i
i

2

2

2

1
2 = 









−

+
−−

24

2
2

i

i
i

     =
( )

5

2
2

i
i

+
−− =

( )
5

2510 ii +−−
=

5

68 i−

  
5

6

5

8 i
z −=

Therefore,  iz
5

6

5

8
+=

(ii)  Let  z = 
θθ sincos1

1

i+−

    =
( ) ( ) ( )2/cos2/sin22/sin2

1
2 θθθ i+

    =
( ) ( ) ( )( )2/cos2/sin2/sin2

1

θθθ i+

   

















−
























−








×

















+















=

2
cos

2
sin

2
cos

2
sin

2
cos

2
sin

2
sin2

1

θθ

θθ

θθθ
i

i

i

  
( ) ( )

( ) ( ) ( )[ ]2/cos2/sin2/sin2

2/cos2/sin
222 θθθ

θθ

i

i

−

−
=
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( ) ( )

( ) ( ) ( )( )2/cos2/sin2/sin2

2/cos2/sin
22 θθθ

θθ

+

−
=

i

  
( ) ( )

( )( )12/sin2

2/cos2/sin

θ

θθ i−
=

  
( )
( )

( )
( ) 









−=

2/sin

2/cos

2/sin

2/sin

2

1

θ

θ

θ

θ
i

            















−=

2
cot1

2

1 θ
iz

Therefore, 















+=

2
cot1

2

1 θ
iz

(iii)    Let z =
α

α

α tan1

tan1

tan1

1

i

i

i +

+
×

−

      =
α

α
22 tan1

tan1

i

i

−

+
 =

α

α
2tan1

tan1

+

+ i

                   =
α

α

αα

α
222 sec

tan

sec

1

sec

tan1
+=

+ i

                  ααα tancoscos 22 i+=

                   = ααα sincoscos2 i+

Therefore,  ααα sincoscos2 iz −=            

5.  Find the real values of 
θ

θ
θ

sin1

sin1

i

i
if

+

−
 is purely real.➨  Let z=

θ

θ

θ

θ

sin1

sin1

sin1

sin1

i

i

i

i

−

−
×

+

−

  =
( )

θ

θ
22

2

sin1

sin1

i

i

−

−

  =
θ

θθ
2

22

sin1

sin2sin1

+

−+ ii
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Advanced Mathematics – I18

   =
θ

θθ
2

2

sin1

sin2sin1

+

−− i

   =
θ

θ

θ

θ
22

2

sin1

sin2

sin1

cos

+
−

+
i

Since z is purely real ( ) 0Im =∴ z

i.e., 0
sin1

sin2
2

=
+

−
θ

θ

0sin =θ

πθ n=⇒     where ,.....2,1,0=n            

6. Find z if ( ) ( ) ( ) iyxzwhereiiiyx +=+=+− 110223
2➨  ( )( ) ( )iiiyx +=+− 110223

2

  ( )( ) ( )iiiiyx +=++− 110.2.2223 22

  ( )( ) ( )iiiyx +=+−− 11041423

  ( )( ) ( )iiiyx +=+− 1104323

  iyiixiyx 101081269 2
+=−+−

  ( ) ( ) iyxiyx 101061289 +=−++

Equating real and imaginary parts, we get

9x + 8y = 10                   ---(1)

        And 10612 =− yx                   ---(2)

Multiplying (1) by 3 and (2) by 4 and adding, we get

             75x =70

   
15

14
=x        

5

1
=∴ y

Therefore, 
515

14 i
iyxz +=+=

   
15

314 i
z

+
=            
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Complex Numbers 19

7. Find the modulus and amplitude of each of the following and express

each in polar form.

      (i) i−1 (ii) i+3 (iii) 31 i−

      (iv) i−− 3 (v) i2 (vi) 8−➨ (i) Let iiyxz −=+= 1

        1,1 −==∴ yx

       
4

1tan
1

1
tantan 111 π

α ==
−

==
−−−

x

y

Here ( ) ( )1,1, −== yxz is in the 4
th
 quadrant

Therefore, 
4

7

4
22amp

ππ
παπ =−=−=z

4

7π
θ =⇒

( ) 211
2222

=−+=+== yxrz = modulus

The polar form of the given complex number is

( )θθ sincos1 iri +=−









+=−⇒

4

7
sin

4

7
cos21

ππ
ii

(ii) Let iiyxz +=+= 3

1,3 ==⇒ yx

Here ( ) ( )1,3, == yxz is in the first quadrant

Therefore, amp
6

π
α ==z

6

π
θ =⇒

( ) 241313 2222
==+=+=+== yxrz

The polar form of the given complex number is

( )θθ sincos3 iri +=+

63

1
tantan 11 π

α =







==

−−

x

y
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Advanced Mathematics – I20









+=+⇒

6
sin

6
cos23

ππ
ii

(iii) Let 31 iiyxz −=+=

3,1 −==⇒ yx

3
)3(tan

1

3
tantan 111 π

α ==
−

==
−−−

x

y

Here, ( ) ( )3,1, −== yxz is in fourth quadrant

Therefore, 
3

5

3
22amp

ππ
παπ =−=−=z 3/5πθ =⇒

( ) 23131
2

222
=+=−+=+== yxrz

The polar form of the given complex is

( )θθ sincos31 iri +=−









+=−⇒

3

5
sin

3

5
cos231

ππ
ii

(iv) Let iiyxz −−=+= 3

13 −=−=⇒ yx

63

1
tan

3

1
tantan 111 π

α =







=

−

−
==

−−−

x

y

Here ( ) ( )1,3, −−== yxz  is in the 3
rd

 quadrant.

Therefore, 
6

7

6
amp

π
π

π
πα =+=+=z

6

7π
θ =⇒

       21322
=+=+== yxrz

The polar form of the given complex number is

( )θθ sincos3 iri +=−−







+=−−⇒

6

7
sin

6

7
cos23

ππ
ii
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Complex Numbers 21

(v) Let iiyxz 2=+=

20 ==⇒ yx

2
tan

0

2
tantan 111 π

α =∞===
−−−

x

y

Here ( ) ( )2,0, == yxz is in the 1
st
 quadrant

Therefore, 
2

amp
π

αθ ===z

24022
=+=+== yxrz

Therefore, the polar form of given complex number is

( )θθ sincos2 iri +=







+=⇒

2
sin

2
cos22

ππ
ii

(vi) Let 8−=+= iyxz

08 =−=⇒ yx

( ) 00tan
8

0
tantan 111

==
−

==
−−−

x

y
α

Here ( ) ( )0,8, −== yxz is in the 2
nd

 quadrant

Therefore, ππαπθ =−=−== 0amp z

    806422
=+=+== yxrz

Therefore, polar form of the given complex number

( )θθ sincos8 ir +=−

[ ]ππ sincos88 i+=−⇒            

8. Find the modulus and amplitude of the following complex numbers

(i) 
( )

i

i

21

23
2

+

−
(ii) 

( )
i

i

+

+

3

1
2

(iii) 
( )( )

i

ii

+

+−

1

232
2➨ Let 

( )
i

i
z

21

23
2

+

−
=
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i

ii

21

2629 2

+

−+
=  

i

i

i

i

21

21

21

2629

−

−
×

+

−−
=

 
( )( )

2221

21267

i

ii

−

−−
=

41

21226147 2

+

+−−
=

iii

 
( )

5

21226147 −+−
=

i ( ) ( )
5

26142127 +−−
=

i

           








 +
−








 −
=

5

2614

5

2127
iz

Therefore,

22

5

2614

5

2127









 +
+









 −
=z

    
25

216872196

25

2127228849 ++
+

××−+
=

     
25

21682682168337 ++−
=

     
25

605
=

5

121
=

5

11
=






























 −










 +
−

=
−

5

2127

5

2614

tanamp 1
z

          










−

+
=

−

7212

2614
tan 1

(ii) Let 
( )

i

i

i

ii

i

i
z

+

+−
=

+

++
=

+

+
=

3

211

3

21

3

1 22

  
i

i

i

i

−

−
×

+
=

3

3

3

2

10

26

9

26
2

2
+

=
−

−
=

i

i

ii
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iz
5

3

5

1
+=

Therefore,

25

9

25

1

5

3

5

1
22

+=







+








=z

5

2

25

10
==

and ( )3tan
5/1

5/3
tanamp 11 −−

=







=z

(iii) Let 
( )( )

i

ii
z

+

+−
=

1

232
2

    
( )( )

i

iii

+

++−
=

1

4432 2 ( )( )
i

ii

4

41432 +−−
=

    
( )( )

i

ii

+

+−
=

1

4332

i

iii

+

−−+
=

1

12986 2

    
i

i

i

i

−

−
×

+

−
=

1

1

1

18
22

2

1

1818

i

iii

−

+−−
=

2

1917 i−
=

iz
2

19

2

17
−=

Therefore, 
2

325

2

19

2

17
22

=







−+








=z

and 







−=







 −
=

−−

17

19
tan

2/17

2/19
tanamp 11

z            

9. Express the following in polar form and hence find their modulus and

    amplitude.

(i) i+3 (ii) i+1 (iii) 31 i− (iv) i➨ (i) Let iz += 3 







+= i

2

1

2

3
2

















+







=

6
sin

6
cos2

ππ
iz  is in polar form.

Where, modulus 2== r  and amplitude 
6

π
θ ==
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Advanced Mathematics – I24

(ii) Let iz +=1 







+= i

2

1

2

1
2

           















+







=

4
sin

4
cos2

ππ
iz  is in polar form.

Where, modulus 2== r  and amplitude 
4

π
θ ==

(iii) Let iz 31−= 







−= i

2

3

2

1
2

        















−







=

3
sin

3
cos2

ππ
i

        















−+








−=

3
2sin

3
2cos2

π
π

π
π i

      





+=

3

5
sin

3

5
cos2

ππ
iz  is in polar form.

Where, modulus 2== r  and amplitude 
3

5π
θ ==

(iv) Let iz = i+= 0

      















+







⋅=

2
sin

2
cos1

ππ
iz  is in polar form.

Where, modulus 1== r  and amplitude 
2

π
θ ==            

10.  Find the modulus and amplitude of each of the following complex

 numbers.

       (i) αα sincos1 i+− (ii) αα sincos1 i++

       (iii) 
αα sincos1

1

i+−
(iv) 

aia cossin

1

−

       (v) 
αcot1

1

i+
(vi) 

αα

αα

sincos1

sincos1

i

i

+−

++➨ (i) Let αα sincos1 iz +−=
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    















+







=

2
cos

2
sin2

2
sin2 2 ααα

i

    















+















=

2
cos

2
sin

2
sin2

ααα
i

















−+








−








=∴

22
sin

22
cos

2
sin2

απαπα
iz

Since  cos and  sin are positive in the 1
st
 quadrant

Therefore, 







=

2
sin2

α
z  and 

22
amp

απ
−=z

Remark Polar form of a complex number is

( )θθ sincos irz +=

rz = and θ=zamp

(ii) Let αα sincos1 iz ++=

  







⋅







+







=

2
cos

2
sin2

2
cos2 2 ααα

i

















+















=

2
sin

2
cos

2
cos2

ααα
iz

Therefore, 







=

2
cos2

α
z  and

2
amp

α
=z

(iii) Let 
αα sincos1

1

i
z

+−
=

      

















+







=

2
cos

2
sin2

2
sin2

1

2 ααα
i

      









−
















−








×















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Since cos is positive and sin is negative in the 4
th
 quadrant

Therefore,  







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2
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Since cos and sin are positive in the 1
st
 quadrant

1=z and az −=
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π

(v) Let 
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Since cos is positive and sin is negative in the 4
th
 quadrant
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Since cos is positive and sin is negative in the 4
th
 quadrant
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11. Express the following in exponential form

      (i) i+−1 (ii) 
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      (iv) 
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Here ( )1,11 −=+−= iz is in the 2
nd

 quadrant

Therefore, =θ
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4
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Hence, exponential form of a given complex number is
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