
CHAPTER – 3CHAPTER – 3CHAPTER – 3CHAPTER – 3

INTEGRAL CALCULUSINTEGRAL CALCULUSINTEGRAL CALCULUSINTEGRAL CALCULUS

An integral can be considered as an antiderivative. Thus, if the derivative

of ( )xF is ( ) ( )xfxF =′ , then an integral of f(x) is F(x).

In practice integrals are necessary for finding solution of differential

equations, finding area under the curve, finding solutions using integral

transforms etc.

In this chapter we establish a few reduction formulae for integrals,

double and triple integrals, special functions like Beta and Gamma

functions and simple problems with standard limits, which has

connections with physical and engineering problems and leads to great

practical importance.

REDUCTION FORMULAE

Reduction Formula for ∫ xdxnsin

Let ∫= xdxI n

n sin ,

Where n is positive integer.

( )∫
−= dxxxI n

n sinsin 1
.

Applying the method of integration by parts, we get

nI  = ( ) ( ) ( )( )∫ −−−− −− dxxxxnxx nn coscossin1cossin 21

     = ( )∫
−− −+− dxxxnxx nn 221 cossin1cossin
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This is the reduction formula for ∫ .sin dxxn

Evaluation of ∫ 2

0
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π

dxxn
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From the above equation, we get
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Reduction Formula for ∫ xdxncos

Let ∫= xdxI n

n cos where n is positive integer.

    ∫
−= xdxxI n

n coscos 1

Applying the method of integration by parts, we get

( ) ( ) ( )∫ −−−= −− dxxxxnxxI nn

n sinsincos1sincos 21

      ( )∫
−− −+= dxxxnxx nn 221 sincos1sincos

       = ( ) ( )∫ −−+ −− dxxxnxx nn 221 cos1cos1sincos

       = ( ) ( )∫ −−+ −− dxxxnxx nnn coscos1sincos 21

      ( ) ( )∫ ∫−−−+= −− dxxnxdxnxx nnn cos1cos1sincos 21
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This is the reduction formula for ∫ dxxncos

Evaluation of ∫ 2

0
cos

π

xdxn

Let ∫= 2

0
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π
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n

We have, 2
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Worked Examples

1. Evaluate ∫ dxx6sin➨ Let ∫= dxxI 6

6 sin

We know that 2

1 1
cossin

1
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5
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2. Evaluate dxx∫
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1 1
sincos

1
−

− −
+= n

n

n I
n

n
xx

n
I

3

4

5
5

4
sincos

5

1
IxxI +=∴

        = 





+⋅+ 1

24

3

2
sincos

3

1

5

4
sincos

5

1
Ixxxx

        = ∫++ dxxxxxx cos
15

8
sincos

15

4
sincos

5

1 24

cxxxxxI +++=∴ sin
15

8
sincos

15

4
sincos

5

1 24
5              

3. Evaluate ∫ 2

0

8sin

π

xdx➨
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7
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π
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                                                   

4. Evaluate xdx∫ 2

0

6cos

π➨ ∫ =⋅=2

0

6
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cos
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xdx                            

5. Evaluate ∫ 6

0

6 3sin

π

xdx➨ Let ∫= 6

0

6 3sin

π

xdxI

Put  tx =3 ⇒ dtdx =3 ⇒ 3/dtdx =

          0=x  0=⇒ t ,    6/π=x ⇒ 2/π=t
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11. Evaluate ∫
−

a
dx

xa

x

0 22

4➨ Let ∫
−

=
a

dx
xa

x
I

0 22

4

⇒= θsinPut ax θθ dadx cos=

00If =⇒= θx , If 2/πθ =⇒= ax
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a 22
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        θθθ dadx cossin2=

If 00 =⇒= θx , If 2/πθ =⇒= ax
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( )n
a

da

θ

θθ
π

22

2

2

0
sec

sec
∫=

θ

θθ
π

nn
a

da
22

2

2

0 sec

sec
∫=

           θθ
θ

π

d
a

n

n

2

2
2

012
cos

cos

11
⋅= ∫−

θθ
π

d
a

n

n

222

012
cos

1 −

− ∫=

          
2

...
2

1

4

3

6

5
....

42

52

22

321
12

π
⋅⋅

−

−
⋅

−

−
=

−
n

n

n

n

a
n

    
( )

( ) 222......6.4.2

32.........5.3.11
12

π
⋅

−

−
=

− n

n

a n
                        
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16. Evaluate dx
x

x

2

9
1

0
1−

∫➨ Let dx
x

x
I

2

9
1

0
1−

= ∫

Put ⇒= θsinx dx = cos θθ d

If    00 =⇒= θx , If 2/1 πθ =⇒=x

   θθ
θ

θ
π

dI cos
sin1

sin

2

9

2

0
−

=∴ ∫   θθ
θ

θ
π

d⋅= ∫ cos
cos

sin

2

9

2

0

          θθ
π

d92

0
sin∫=

3

2

5

4

7

6

9

8
⋅⋅⋅=

315

128
=                         

Exercises

Evaluate the following integrals

1) ∫ xdx6cos 2) xdx62

0
cos∫

π

3) xdx42

0
sin∫

π

4) xdx3sin82

0∫
π

5) xdx6

0
cos∫

π
      6) xdx72

0
cos∫

π

7) ∫
π

0

4cos xdxx     8) xdxx 3

0
sin∫

π

9) ( ) θθ
π

d
3

0
cos1−∫ 10) dx

x

x

4

7
1

0
1−

∫

11)

( )520
1 x

dx

+
∫

∞
12)

( )
dx

x

x
2/96

2

0
1+

∫
∞

Answers

1) [ ] cxxxxxxx ++++ 15sincos15sincos10sincos8
48

1 35

This is only a SAMPLE page. 
Upon purchase, the gray background will be removed. 

To get your personalized e-book / e-copy visit 
www.interlinepublishing.com or 

www.9thclick.com -> Online Shopping -> Books -> E book / E copy



Integral Calculus 233

2)
32

5π
3)

16

3π
4)

768

35π
5)

48

15π

6)
35

16
7)

16

3 2π
8)

3

2π
9)

2

5π

10)
3

1
11)

256

35π
12)

105

16

Reduction Formula for ∫ dxxx nm cossin

Let ∫= dxxxI nm

nm cossin,

Where m and n are positive integers

( ) xdxxxI nm

nm

1

, coscossin −

∫=                   ---(1)

Consider ∫ ∫= dttxdxx mm cossin  
1

1

+
=

+

m

t
m

1

sin 1

+
=

+

m

x
m

Applying integration by parts on RHS of equation (1), we get

( ) ( ) dx
m

x
xxn

m

x
xI

m
n

m
n

nm 








+
−−−









+
=∴

+
−

+
−

∫ 1

sin
sincos1

1

sin
cos

1
2

1
1

,

          dxxxx
m

n

m

xx nm
mn

22
11

sincos.sin
1

1

1

sincos −
+−

∫+

−
+

+
=

         ( )dxxxx
m

n

m

xx nm
mn

22
11

cos1cossin
1

1

1

sincos
−

+

−
+

+
= ∫

−
+−

         ( )∫ −
+

−
+

+
= −

+−

dxxxxx
m

n

m

xx nmnm
mn

cossincossin
1

1

1

sincos 2
11

          ∫
−

+−

+

−
+

+
= dxxx

m

n

m

xx nm
mn

2
11

cossin
1

1

1

sincos

                               ∫+

−
− dxxx

m

n nm cossin
1

1

   nmnm

mn

nm I
m

n
I

m

n

m

xx
I ,2,

11

,
1

1

1

1

1

sincos

+

−
−

+

−
+

+
= −

+−
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   2,

11

,,
1

1

1

sincos

1

1
−

+−

+

−
+

+
=

+

−
+ nm

mn

nmnm I
m

n

m

xx
I

m

n
I

     2,

11

,
1

1

1

sincos

1

1
1 −

+−

+

−
+

+
=









+

−
+ nm

mn

nm I
m

n

m

xx
I

m

n

2,

11

,
1

1

1

sincos

1

11
−

+−

+

−
+

+
=









+

−++
nm

mn

nm I
m

n

m

xx
I

m

nm

  2,

11

,
1

1

1

sincos

1
−

+−

+

−
+

+
=

+

+
nm

mn

nm I
m

n

m

xx
I

m

nm

             2nm,

1m1n

nm, I
nm

1n

nm

xx
I −

+−

+

−
+

+
=

sincos

This is the reduction formula for ∫ dxxx nm cossin

Evaluation of dxxx nm cossin2

0∫
π

Let dxxxI nm
nm cossin2

0
, ∫=

π

We have, 2,

2

0

11

,

1sincos
−

+−

+

−
+









+
= nm

mn

nm I
nm

n

nm

xx
I

π

2,,

1
−

+

−
= nmnm I

nm

n
I

Replacing n  by ...,,4,2 −− nn we get

4,2,
2

3
−−

−+

−
= nmnm I

nm

n
I

6,4,
4

5
−−

−+

−
= nmnm I

nm

n
I , and so on

Finally,    1,3,
3

2
mm I

m
I

+
= ,    when n is odd

   0,2,
2

1
mm I

m
I

+
= ,   when n is even
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( )
( )

( )
( )

( )
( ) ( )

( )
( )

( )
( )

( )
( ) ( )










+
−−−

−+

−

−+

−

+

−

+
−−−

−+

−

−+

−

+

−

=∴

evenisif
2

1

4

5

2

31

oddisif
3

2

4

5

2

31

0.

1,

,

nI
mnm

n

nm

n

nm

n

nI
mnm

n

nm

n

nm

n

I

m

m

nm

  2
,1

0
sin cosm

mI x x dx

π

= ∫
2

0

1

1

sin
π






+
=

+

m

x
m

  ( )01
1

1
−

+
=

m 1

1

+
=

m

( ) ( )

( )

( )

( )

( ) ( )

( )

( )

( )

2
,0

0

1 3 5 2
if is odd

2 4 3
sin

1 3 5 1
if is even

2 4 2 2

m

m

m m m
m

m m m
I x dx

m m m
m

m m m

π

π

 − − −
− − −

− −
= = 

− − − − − − − −

∫

Case (i) If n is odd and m is odd or even

( )
( )

( )
( )

( )
( ) ( ) ( )1

1

3

2
.................

4

5

2

31
,

+
⋅

+−+

−
⋅

−+

−

+

−
=

mmnm

n

nm

n

nm

n
I nm

Case (ii) If n is even and m is odd

( )
( )

( )
( )

( )
( )4

5
.

2

3
.

1
,

−+

−

−+

−

+

−
=

nm

n

nm

n

nm

n
I nm ( )

( ) ( )
( ) 









−

−−

+ 3

2
...

2

31
.

2

1
...

m

m

m

m

m

        
( )( )[ ] ( )( )[ ]
( )( )( ) 342

2...311.3...31

−−−−+−++

−−−−
=

nmnmnm

mmnn

Case (iii) If n is even and m is even










−

−−

+−+

−

−+

−

+

−
=

2
.

2

1
.......

2

3
.

1
.

2

1
......

4

5
.

2

2
.

1
,

π

m

m

m

m

mnm

n

nm

n

nm

n
I nm

        
( )( )[ ] ( )( )[ ]

( )( )( ) 22.442

1...311.3...31 π
⋅

−−−−+−++

−−−−
=

nmnmnm

mmnn

Worked Examples

1. Evaluate
3 72

0
sin cosx x dx

π

∫➨ 3 72
3,7

0
sin cosI x x dx

π

= ∫
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