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The students are already familiar with the notions of limits, continuity

and the process of differentiating functions of a single independent

variable.

In this chapter we discuss Successive Differentiation, Polar Curves,

Taylor’s Series, Maclaurin’s Series and Partial Differentiation with some

solved problems.

SUCCESSIVE DIFFERENTIATION

If ( )xfy =  be a real valued function of x, its differentiation dxdy /  will

be in general a function of x which can be differentiated. The

differentiation of dxdy /  is called the second differentiation of y.

Similarly, the differentiation of 
22 / dxyd is called the third

differentiation of y, and so on. The process of doing second and higher

order differentiation is called successive differentiation. The successive

differentiation of y are denoted by one of the following ways,
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The value of a differentiation at 1xx =  is usually denoted by adding a

suffix, i.e., 
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 Derivatives of Some Standard Functions
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Special Cases

(i) If ,nm >  then ny  exists and ny is given by (1)

(ii) If ,nm =  then 
n

n any !=  i.e., ( )[ ] nnn anbaxD !=+
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3.  n
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 derivative of 
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8.  n
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 derivative of ( )cbxeax +sin

Let  ( )cbxey ax += sin

   
( ) ( )

( ) ( ){ }cbxacbxbe

cbxaecbxbey

ax

axax

+++=

+++=

sincos

sincos1

Putting θcosra = and θsinrb = , we have
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 derivative of ( )cbxeax +cos

Let ( )cbxey ax += cos
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( )( ) ( )( )2/sinsin πnbaxabaxD nn ++=+
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Worked Examples

I. Find the n
th
 derivatives of the following
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Differentiating n times, we get
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II. Find the n
th
 derivatives of the following

(1)   xx 3cos5sin 22 +                  (2) xx 3cos2cos

(3)  xx 2cos3sin    (4) xx 3sin4sin
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(3) Let xxy 2cos3sin=
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Differentiating n times, we get
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         ( )[ ]{ }xxey x 3coscos34/12 +=

( )[ ][ ]AAA 3coscos34/1cos3 +=∵

         xexey
xx 3cos

4

1
cos

4

3 22 +=
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Differentiating n times, we get

( )

( )
























+++

























++=

−

−

2

3
tan3cos32

4

1

2

1
tancos12

4

3

12
2

22

12222

nxe

nxey

x
n

x
n

n

















++
















+

×
= −−

2

3
tan3cos

4

13

2

1
tancos

4

53 12
2

12
2

nxenxey
x

n

x

n

n

(8) Let xxy cossinh= x
ee xx

cos
2 







 −
=

−

xexe
xx cos

2

1
cos

2

1 −−=

Differentiating n times, we get

( ) 















++=

4
cos11

2

1
2

22 πn
xey

x
n

n

( )( ) 















++−− −

4

3
cos11

2

1
222 πn

xe
x

n

  







+−








+= −

4

3
cos

2

2

4
cos

2

2 22 ππ n
xe

n
xey x

n

x

n

n                     

III. Find the n
th
 derivatives of the following

(1) 
( )( )14

6
2 −− xx

x
(2) 

( )( )321 +− xx

x

(3) 
652 +− xx

x
             (4) 

( )( )3212

2

++ xx

x➨ (1) Let 
( )( )14

6
2 −−

=
xx

x
y

Let 
( )( ) ( )( )( ) 122122

6

14

6
2 −

+
+

+
−

=
−+−

=
−− x

C

x

B

x

A

xxx

x

xx

x

        ( )( ) ( )( ) ( )( )2212126 +−+−−+−+=⇒ xxCxxBxxAx
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Put Cx 361 −=⇒= ⇒ 2−=C ,

Put Ax 4122 =⇒= ⇒ 3=A ,

Put Bx 12122 =−⇒−= ⇒ 1−=B

( )( ) 1

2

2

1

2

3

14

6
2 −

−
+

+

−
+

−
=

−−
∴

xxxxx

x

1

2

2

1

2

3

−
−

+
−

−
=∴

xxx
y

Differentiating n times, we get

            
( )

( )

( )

( )

( )

( ) 111
1

!12

2

!1

2

!13
+++

−

−
−

+

−
−

−

−
=

n

n

n

n

n

n

n
x

n

x

n

x

n
y

(2) Let 
( )( ) 321321 +

+
−

=
+−

=
x

B

x

A

xx

x
y

( ) ( )132 −++=⇒ xBxAx

Put 
5

1
511 =⇒=⇒= AAx

Put 
5

3

2

5

2

3

2

3
=⇒−=−⇒−= BBx

( )( ) ( ) ( )325

3

15

1

321 +
+

−
=

+−
∴

xxxx

x

( ) ( )325

3

15

1

+
+

−
=∴

xx
y

Differentiating n times, we get

( )
( )

( )
( ) 11

32

2!1

5

3

1

!1

5

1
++

+

−
+

−

−
=

n

nn

n

n

n
x

n

x

n
y

(3) Let 
652 +−

=
xx

x
y

Let 
( )( ) 3232652 −

+
−

=
−−

=
+− x

B

x

A

xx

x

xx

x

                ( ) ( )23 −+−=⇒ xBxAx
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Put 33 =⇒= Bx ,

Put 22 =−⇒= Ax 2−=⇒ A

3

3

2

2

−
+

−

−
=∴

xx
y

2

2

3

3

−
−

−
=

xx

Differentiating n times, we get

( )

( )

( )

( ) 11
2

!12

3

!13
++

−

−
−

−

−
=

n

n

n

n

n
x

n

x

n
y

(4) Let 
( )( )3212

2

++
=

xx

x
y

This is an improper fraction, converting this into proper fractions, we get

             
( )( ) 3843212 2

22

++
=

++
=

xx

x

xx

x
y

) ( 4/1384 22 xxx ++

                      4/322 ++ xx

        4/32 −− x

  
384

432

4

1

384 22

2

++

−−
+=

++
∴

xx

x

xx

x

( )( )3212

432

4

1

++

+
−=∴

xx

x
y                                                    ---(1)

Let 
( )( ) 32123212

432

+
+

+
=

++

+

x

B

x

A

xx

x

                     ( ) ( ) ( )12324/32 +++=+⇒ xBxAx

Put 







+







−=+








−⇒−= 1

2

3
2

4

3

2

3
2

2

3
Bx

8

9
2

4

9
=⇒−=−⇒ BB

Put 







+







−=+








−⇒−= 3

2

1
2

4

3

2

1
2

2

1
Ax
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8

1
2

4

1
−=⇒=−⇒ AA

( )( ) 32

89

12

81

3212

432

+
+

+

−
=

++

+

xxxx

x

( )( ) ( ) ( )12

1

8

1

32

1

8

9

3212

432

+
−

+
=

++

+

xxxx

x
                  ---(2)

Substituting (2) in (1), we get

( ) ( )







+
−

+
−=

12

1

8

1

32

1

8

9

4

1

xx
y

( ) ( )32

1

8

9

12

1

8

1

4

1

+
−

+
+=

xx
y

Differentiating n times, we get

( )
( )

( )
( ) 11

32

2!1

8

9

12

2!1

8

1
++

+

−
−

+

−
=

n

nn

n

nn

n
x

n

x

n
y            

IV. Prove the following

     (1)  
( )

( )θ1sin
!11

122
+

−
=









+ +
n

ar

n

ax
D

n

n

n
,

      where 
22

axr += ,   ( )ax /tan 1−=θ

     (2)   
( ) ( )

θn
r

n

a

x
D

n

n

n sin
!11

tan

1

1 −−
=








−

−
,

       where 
22

axr += ,    ( )ax /tan 1−=θ

     (3)  
( )

( )

( )

( )









+

−
+

−

−
=








−

−

n

n

n

n

xaxa

n

a

x
D

1

1 11

2

!1
tanh➨ (1) Let 

22

1

ax
y

+
=

222

1

aix −
=

( )22

1

iax −
=

       
( )( )aixaix

y
−+

=
1

                                                              ---(1)
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Let 
( )( ) aix

B

aix

A

aixaix −
+

+
=

−+

1

      ( ) ( )aixBaixA ++−=⇒1

∴Put aiBaix 21 =⇒= ⇒
ai

B
2

1
=

    aiAaix 21 −=⇒−= ⇒
ai

A
2

1
−=

( )( ) aix

ai

aix

ai

aixaix −
+

+

−
=

−+
∴

21211
                                         ---(2)

Substituting (2) in (1), we get









+
−

−
=

aixaixai
y

11

2

1

Differentiating n times, we get

( )

( )

( )

( ) 







+

−
−

−

−
=

++ 11

!1!1

2

1
n

n

n

n

n
aix

n

aix

n

ai
y

( )
( ) ( ) 








+
−

−

−
=

++ 11

11

2

!1
nn

n

n
aixaixai

n
y                                   ---(3)

Put θcosrx =      θsinra =

      θθ sincos irraix −=−  ( )θθ sincos ir −=

( ) θireaix −=−                                          θθθ sincos ie
i +=∵

( ) ( )θ111 +−++
=− ninn

eraix                             θθθ sincos ie i −=−
∵

( ) ( )θ111

11
+−++

=
−

ninn
eraix

( )

( )

1

1

1

1
+

+

+
=

−
n

ni

n
r

e

aix

θ

                                                       ---(4)

Similarly, 
( )

( )

1

1

1

1
+

+−

+
=

+
n

ni

n
r

e

aix

θ

                                                       ---(5)

Substitute (4) and (5) in (3), we get
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( ) ( ) ( )









−
−

=
+

+−

+

+

1

1

1

1

2

!1
n

ni

n

nin

n
r

e

r

e

ia

n
y

θθ

( ) ( ) ( )







 −−

=
+−+

+ i

ee

ar

n
y

nini

n

n

n
2

!1 11

1

θθ

( )
( ) 








=

−
+

−
=









+

−

+
θθ

θθ

sin
2

1sin
!11

122 i

ee
n

ar

n

ax
D

ii

n

n
n

∵

(2) Let 







= −

a

x
y

1tan

Differentiating with respect to x, we get

( ) aax
y

1
.

/1

1
221

+
=

( ) 222 /

11

axaa +
=

22 xa

a

+
=









+
−

−
=

aixiaxi
y

11

2

1
1 [by partial fractions]     (Refer example 1)

Differentiating (n-1) times, we get

( ) 
















+
−

−
= −−

aixaix
D

i
yD

nn 11

2

1 1

1

1

( ) ( )
( )

( ) ( )
( )










+

−−
−

−

−−
=

−−

n

n

n

n

n
aix

n

aix

n

i
y

!11!11

2

1
11

( ) ( )

( ) ( )









+
−

−

−−
=

−

nn

n

n
aixaixi

n
y

11

2

!11
1

                      ---(1)

Put θcosrx =    θsinra =

θθ sincos riraix −=− ( )θθ sincos ir −=
θieraix −=−

( ) θinnn
eraix −=−

( ) n

in

innn r

e

eraix

θ

θ
==

−
−

11
                               ---(2)

Similarly, 
( ) n

in

n
r

e

aix

θ−

=
+

1
                  ---(3)
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