Differential Equations 409

Inverse Differential Operator and:Particular Integral

Consider the differential equation

F(D)y= f(x) o (1)

Operating 1/ E (D) on both the sides, we get v

1

——AF(D)ys=
EONE A0 %

Here 17 F éle inverse dlf@perator and ) %
y%@f

solutlon of. %nnal equat1on the particy
e ral

szc Metho Finding Partzcul
Let us’'c * order. i ntlal equ tion onstant
coefflcl form ;

1ma0

&
A M 2 c1
Q iyen equay (DFa)y = f
o % é‘
wder linear gluation

\ LE 2
Therefore,
h\e.
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ie., =e {J. f dx Y

ie., = e“x_[ “ £ (x)dx + @

We know that the general solutlo on-homogeneous equation is
GS. =CF. + P }

Hence, from equation (2)

= e
i.e., \ P /; @ ;
1 é
D
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=;{_£_l} SERLS W P

Thus, GQ E.+PL.

refore CE. =¢ E i

¢ —%
Sln

sint dt} =

K_:z e c§s et : erz"_"ez’c (e cos(e))ax
= —e‘z"J‘e’Qe dx =~e I costdt =—e " sint
PL=—¢"" sihx

X
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Thus, G.S.=C.F.+P.I

, .
Hence, y=ce " +iye =" si%) ]

Particular integral when f @

Con51der the drfferentlal e q
y = e
Therefore P ke %

D ax 3 aeax ax ‘ X
sing equat 2)in Q
ke provgeE( F S;\
we proceed

, Tails an wows
\ F(a)=0:>ai ogt of A.E..

:>(D af: orofF(D)
= Y =(B=a)p(D) \
- F(D)keaj@D D)
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“ ce™dx|= e - x =)cL e
= {e Ie d { } ¢(a)k

( )=(D )’D +19(D) v
F'(a)= 0% ¢(a)= %
Thus, P.L= )C'Fl Vrowded;(

It Fia ) provided F %E

If Fq , then P.1 1( )ke“x prov&}a) #0,and s 0@
a ‘ E ! ‘
@rkmg Rule ! &V
\ w : : ﬁ; : »

It PRty 5 ;
O i ! Fla) &)
(a) =0, then P.1. = $ e F’ Q

a)=0then P% :
\then

—

ASRA 21 and so on, « ‘
F(a) : Q
; ;
R 0)=
FD % F(0)’ N )

e il
e ﬁg,) -

LX)

» The giv ation can.be wri

\ 7
TheAElsm _ ey ‘
(m—2)(m@
m=2,-1
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Therefore,

CF. =ce™ +cse" ?
3x 3%

p1 = LEECEE o o

D =D+ 2 4

Thus, G.S. = CF. + P.L v
Hence, y = cle Bron’ ’ %
2 Solve +3 V=

® The AE&%, 4m+3—

cS’

1 3 g 3
dlfferent part of then
ator when ﬁn

; g Q
Therefore, ’ v
—2x Y
C.K it O g
PL (5% 23

: $ -2
e IR

T D isDBy ®Dis

Thus, G.S=CF+P.I
Hence, y=c,e " + ck" +xe [
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4. Solve (D2 +D—2)y =3e"

® The AEis m’ +m=2=0 \{5
m’ +2m—m—=2=0 o )
m(m+2)=1m+2)=0 %

(m—l)(m+2): ;’5
m=1 =2 : "
Therefore, s) AR <
C.E =c§i— At ¥ W »
p : %

D=6 v
\ ‘& ' G
Q :V
Hence, the SO tig)n is Q 2
v 1
x« czx)e3x +& A |

y =
6. Solve (D2 —-13D +@ezx +5e?

®» The A.Eis m”> —13m¥12=0
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m* —12m—-m+12=0
m(m—12)-1(m=12)=0 \C\
(m—l)(m—12)=0 o 3
m=1,12

Therefore, ‘) v
CF=ce' +ce'd > %

O
‘v /
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m=1,1%j

Therefore, C.E. =c¢e* +Qe"i:2'iosx‘+c3 sinx) ?
BeR e As e =% 3 i
D}@a +4D=2 " 3REA6D+4 1
Thus; G.S.=C.F.4 P. g A2 ¢
Hellgs, o= i“r"(e2 COSX +-¢; 51 ¥ q

s 7D+12)Qy’ & Q) / %?5

2> e
’ 0
9. Solve y” —4y =sinh* Jes
® The given equation@ wriften as
(D> —4)y =sidh™x
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The AEis m*>—4=0
m=42 \C\
Therefore, C.F. =ce** +c e ‘: , :
1 { oS ’ :
D™ -4

PI

Q 0. Solve & Q Sy= 2cos
X
1ven el ion can be
4D+ 5)y =2c0s
@13 m” +4m+4 <

Therefore,

A 1 (ex"'e_x)

= 2
D> +MND+5 D>+4D+5
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1 . 1.4
PlL=—e +ze
107 2 \C\
Thus, G.S.=C.F.4P.L
—2x f 1 x -X
Hence, y=e (clc,osx+c2s x)+ﬁe % |
2 ;
11. Solve e Z—4yv52x—l)+ o : ,
dx X OR
® The given eqyition can be writt
(D2 d )= cosh(2xgl)+3 "
TheAE'*—4=O, >
s |
The@e, Q b
o CE.

%n
Thus, G.S>F. +P.L

Hence, y=c,e’" + cﬁ\’Q%xsinh(Zx A [
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12. Solve (D2 +5D+10)y =¢ 44"

® The AEis m” +5m+10=0 \CS
15

_-5% 25 4()( )

Therefore, C.E. =e 2{,}

’ dl@dy -
L= +6y=e" —e¢ "
A0 4 dx y
Q +2$1n§4) +6y (l+e")2
3

d’y

3-I>(56"+3 ‘ 6) Y =y -y +y=e"
2 Q
7) —+2Q+d¥l\e

dx
d3y
dx’ dx®  dx
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8) (D2 - 2)y=ew‘+e’”‘,

arx*n
d g
d y
I +4 +5y 3e&en that Ve an% —7when x=0
2 X
i ¢ x—2@+ S 12) 3 —cosh x
dr’ et \ >¢ O
2 2
13) £ Y L4 —§Sh2x ) y”—@'%' h3x
dx s’ :

o smh X

9)

10) —-

17) (D32 ) 20_0 2 '§) 32 v
VO ;i) (DDZ(S +@21) Y’ +5x6)y) B a

~D’+4D~4) h3x 'Q\
~D*= 2 g
D3—3D2+4D 5
Q ﬁz ‘

—4+e

2) y=c Ch LS« N6 oA

3) y= (c1 +c2x)e e < ; ‘e
4 _ 2x & 2x 1
) y=ce "+ cze xe +g
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C) 12) y ll \ o o : ‘
s) \ 13 y %2x+czsm2x+ cOSh2x < ; Q WL
. : ~ c1+c2 %? Wiy :
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5) y=ce+e? |:c2 cos[?}

6) y=(c,+cm)e Fee ™ +%

7) y=cl+(c2+c3x a7 XT

Cse +

20) y=ce x+c2e3x-|;Qu \
21) y=(c, +c,x)e* N3e

ys
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x 3x —3x
Xea € e

22) y=c,e’ +c,cos2x+c sin2x+? -

y=q 2 3 26 52

23) y=c¢,tc,e +c3e X7 re e

24) y=ce" +e'(c,cosx inx)+ xe' :: v

25) y= (c1+czx+c +—e

26) y=lc; +g$c3x ke 1@ ‘ ?S

2794y :@czx)ex +(Qs(w4+gex

qular Integr: x) =k sin( ) on & cos(ax+b) % ;
¢ have Ds

TR S o
N sin(ax +6) = in(ax+b) s "
/ )?kczs(mb) ;Q Q ’

y.

& N x
N S
N ”&&

~a*)#0

i.e., we replace D* by
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If g(— a’ ) =0, then the casefails and wgproceed as follows.

We have cos(ax + b) + isin(ax + 15 (ax+b)

ei(ax+h)
’ )E

1 : X
Therefore, Sin = LP: of
¢(D?) é& >

(ax+
Y

respect to D at

% =—a2 ‘ 323,
Working Rule Q
If f(x):ksin(axﬂﬁ,\{h n
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sin(ax+b)  sin{ax+b)
F(D)  ¢(D*)+Dy

sin (ax +b) / %
" p(-a’) + Dy~ a) o v
¢(=a’) = Dy~
(ax+b
R Dy)]zsmax b :
i o %’ o
¢( —a )yl
A ”&z

sm(ax + b)

[¢(—a

PI =

sl rovided Dr ;t 0
( a )]2

\4

A > Al PRI , provi 34 ¢ 0 oﬁ.
FQN
\ Similarly \@ same proce; ax + b
W ples
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X —zX 1
y=ce +c,e”’ —§0032x @ =

2. Solve (D2 +5D +6)y =sInx
® The AE is mi° +5m+6=0

m==3,— 2‘) ; R
Therefore, C.F.= cle_i‘yée_2x :
P.L =~% ; Q) , ?S

/,

: COS§ =X

-2%-3D '&31)—2

_cosz&—2 !
3D+2‘<3D—2
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(3D 2)cos2x

9D> <4 \?
3D 2 cos 2x A& cos 2x
Ol TR TN
= —[3(— sin 62 i— 2cos 2%2 !
4 .
b —6!n2x 2¢og @ 3s1n2x+c
Hence, thw solution is %
\)' Y =cje’, V (3sin 2x #Ros 2:x)
4. ‘S@Dz -+ l)y ‘ b 2

\ » The AE is m
O Therefoye F% c?cos X+, 81 @
P aln(2x+3 &! S)
) £
: s) / R —b&+1 \ Q
X %, phe general s

0
c 'nx——sm X u

=cosax ? & 2
tai
sin ax °
Ycosax -
axdx

VK
Hence, the general soluti & \
X 3¢
y=c¢ Cosax{{gax+—smax |

2a
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6. Solve (D2 +a2)y =sin dx

®» The AEis m”> +a%=0 | \{5

m=zxai

Therefore, C.F.=¢; Cosax + ¢, sin ax

p A _%zzjs- 2’
D +a’} 2 ;
&coax _x‘i X v
Hence, th §§1 solutlon i v ; ,
573

N 2D I@’ ”
w al solution is %
cos3x in x——cos3x k

Y=<
\ Ve
= The AE%

Therefore, C F.=¢;cosx+ X \,
1 §3083 1
Pl=— Q : -—(1+ cos2x)
D +1 D57 wle2
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1 1 cos2x + 1 1 1 cos2x

1
E(D2+1)+5(D2+1)@0+1)+5( 22 41)

1 0 50
=9t cos 20
Hence, the general solutlors) ‘ %2

d’ R

sinx 153

1 ‘ i O Z(Dz _4)5WX4) =\Z (—

—sm 3x

Pl
20
8 Hence; th I olutlon 1s
+

$o8e MR T R +—s1n3x n
@ (p>~4D+ j 3xcos2x$ a O
» The AEis 1 B=0 ates :

Q,
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V SO smx+2 .
T S@m = &
i& g,‘«"

/ s) N saa :
egeneral sghutio
3
0s5x=11s

cos4x)=l 1 1 cosdx
8(D’+1) 8(D>+1)
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1 1 1.<cos4x 1 1

“8(0+1) 84 1) =~€5120COS4X
Lo,

Hence, the general solution is

1
y= clcosx+c2 si —+—cos:x [

12. Solve D 4 y Sin2x

»TheAE1s mgl 0
<A

Therefom,y —cle el

'é !|P.I.=°e T z’ <
. D —4
v —sin 2x
; “Hence, % al solution ist
IS Q 12
g y=ce +ce v
N A 2
. Solve 723 +22npf =
o / dx :
8 #Th@Zm +¢1=0c\/ !:

@re CF.= cl@ 5 X
; PI«—‘V;(/" ,
DYp2D + 1 § ;

N 2(1+c032x)j

1 1

2 1 cos2x
D> NRD%1 2(p*+2D+1) 2(D*+2D+1)
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1, 1 1 cos2x

K _5[0+2(0)+@[—22+2D+1]
2D 3)(2D+3)

B
9 L AR
L0 1€}(2D+3) %

This is only a SAMPLE page.
Upon purchase, the gray background will be removed.
To get your personalized e-book / e-copy visit
www.interlinepublishing.com or
www.9thclick.com -> Online Shopping -> Books -> E book / E copy





