
Differential Equations 409

Inverse Differential Operator and Particular Integral

Consider the differential equation

( ) ( )xfyDF =      ---(1)

Operating ( )DF/1 on both the sides, we get

( )
( ){ }

( )
( )xf

DF
yDF

DF

11
=      ---(2)

Here ( )DF/1  is called inverse differential operator and (2) becomes,

( )
( )xf

DF
y

1
=

This is the solution of the differential equation (1) called the particular

integral.

Basic Method of Finding Particular Integral

Let us consider the 1
st
 order linear differential equation with constant

coefficients of the form

( ) ( )xfyaD =−                   ---(1)

A.E.  is      0=− am
               am =

  ∴ C.F.=
axec1

Given equation is ( ) ( )xfyaD =−

          ( )xfay
dx

dy
=−

Which is 1
st
 order linear equation with

aP −=     and    ( )xfQ =

I.F. =
axadxPdx

eee
−−

=∫=∫

Therefore, general solution of the given equation is

( ) ( ) cQdxFIFIy += ∫ ....

( ) cdxxfeye axax += ∫
−−

( ){ }cdxxfe
e

y
ax

ax
+=∴ ∫

−

−

1
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Advanced Mathematics – I410

i.e., ( ){ }cdxxfeey axax += ∫
−

i.e., ( )∫ += − axaxax cedxxfeey                   ---(2)

We know that the general solution for non-homogeneous equation is

G.S. = C.F. + P.I.

Hence, from equation (2), we have

P.I. ( )∫
−= dxxfee axax

i.e., P.I. ( ) ( )∫
−=

−
= dxxfeexf

aD

axax1

Note  If ( ) ( )∫=⇒= dxxfxf
D

a
1

0

Worked Examples

1. Solve ( ) xyDD =+− 232➨ The A.E.   is    0232 =+− mm

        0222 =+−− mmm

        ( ) ( ) 0212 =−−− mmm

        ( )( ) 021 =−− mm

        2,1=m

Therefore,

C.F. 
xx ecec 2

21 +=

 P.I. 
232 +−

=
DD

x

( )( )21 −−
=

DD

x ( )








−−
= x

DD 2

1

1

1

       { }∫
−

−
= xdxee

D

xx 22

1

1

       


















−
−

−−
= ∫

−−

dx
ee

xe
D

xx
x

2
1

21

1 22
2

       


















−
+−

−
=

−
−

)2(2

1

21

1 2
22

x
xx e

e
x

e
D
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Differential Equations 411

       =








−−
− 4

1

21

1 x

D
( ){ }12

1

1

4

1
+

−
−= x

D

       ( )dxxee
xx 12

4

1
+−= ∫

−

       ( )








−
−

−
+−= ∫

−−

dx
ee

xe
xx

x

1
2

1
12

4

1

       ( )








−
++−−=

−
−

1
212

4

1 x
xx e

exe
4

212 ++
=

x

4

32 +
=

x

Thus, G.S. = C.F. + P.I.

Hence,       
4

322

21

+
++=

x
ececy

xx
           

2. Solve ( )xeyyy sin23 =+′+′′➨ The A.E.  is    0232 =++ mm

               0222 =+++ mmm

               ( ) ( ) 0121 =+++ mmm

               ( )( ) 012 =++ mm

              1,2 −−=m

Therefore, C.F. 
xx ecec −− += 2

2

1

      P.I. 
( )

( )23

sin
2 ++

=
DD

e
x ( )

( )( )12

sin

++
=

DD

e
x

       ( )








++
= x

e
DD

sin
1

1

2

1 ( ){ }∫
−

+
= dxeee

D

xxx sin
2

1

       { }∫
−

+
= dtte

D

x sin
2

1 ( ){ }te
D

x cos
2

1
−

+
= −

       ( ){ }xx
ee

D
cos

2

1 −

+

−
= ( )( )dxeeee xxxx

∫
−−−= cos22

       ( )∫
−−= dxeee xxx cos2

∫
−−= dtte x cos2 te

x sin2−−=

P.I.
xx

ee sin2−−=
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Advanced Mathematics – I412

Thus,  G.S. P.I.C.F.+=

Hence,     
xxxx eeececy sin2

2
2

1
−−− −+=            

Particular integral when ( ) axkexf =

Consider the differential equation

( ) ( )xfyDF =

( ) axkeyDF =

Therefore, P.I. 
( )

axke
DF

1
=                   ---(1)

We have, ( ) ( ) axn
n

n
n

ax
eaDaDaDaDaeDF 01

2
2

1
1 +++−−−++= −

−

                  ( ) axn
n

n
n eaaaaaaaaa 01

2
2

1
1 +++−−−++= −

−

   ( ) ( ) axax eaFeDF =

           
( ) ( )

axax e
DF

e
aF

11
=⇒

          
( ) ( )

axax e
aF

e
DF

11
=⇒                   ---(2)

Since 
axnaxnaxaxaxax eaeDeaeDaeDe =−−−== 22,

Using equation (2) in (1), we get

P.I. 
( )

axke
aF

1
=  provided ( ) 0≠aF

If ( ) 0=aF , then the case fails and we proceed as follows

( ) aaF ⇒= 0 is a root of A.E.

( )aD −⇒ is a factor of ( )DF

( ) ( ) ( )DaDDF φ−=⇒

⇒ P.I. 
( )

axke
DF

1
=

( ) ( )
axke

DaD φ−
=

1

( ) ( )
axke

aaD φ−
=

1

( )
axe

aDa

k

−
=

1

φ
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Differential Equations 413

      
( )

{ }∫ ⋅= − dxeee
a

k axaxax

φ ( )
{ }xe

a

k ax ⋅=
φ ( )

axke
a

x
φ

1
=

Since ( ) ( ) ( )DaDDF φ−=

         ( ) ( ) ( ) ( )DDaDDF φφ ⋅+′−=′ 1

          ( ) ( ) ( )aaaF φφ =+=′ 0

Thus, P.I.= 
( )

axke
aF

x
′

⋅
1

, provided ( ) 0≠′ aF

If ( ) 0=′ aF , then P.I. 
( )

axke
aF

x
′′

⋅=
12

 provided ( ) 0≠′′ aF

If ( ) 0=′′ aF , then P.I. 
( )

axke
aF

x
′′′

⋅=
13

provided ( ) 0≠′′′ aF , and so on.

Working Rule

If ( ) axkexf = , then P.I. 
( )

axke
DF

1
=

( )
( ) 0,

1
≠= aFke

aF

ax

If ( ) 0=aF , then P.I. 
( )

( ) 0,
1

≠′
′

⋅= aFke
aF

x ax
.

If ( ) 0=′ aF then P.I. 
( )

( ) 0,
12 ≠′′
′′

⋅= aFke
aF

x ax
and so on.

Note  If ( ) kxf = , then

P.I. 
( ) ( ) ( ) ( )00

00

F

k

F

ke

DF

ke

DF

k
xx

====
⋅⋅

 , provided ( ) 00 ≠F

Worked Examples

1. Solve 
xeyyy 32 =−′−′′➨ The given equation can be written as

( ) xeyDD 32 2 =−−

The AE is 022 =−− mm

     ( )( ) 012 =+− mm

      1,2 −=m
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Therefore,

C.F. 
xx ecec −+= 2

2

1

P.I. 
42

3

2

3 xx
e

DD

e
=

−−
=

Thus, G.S. = C.F. + P.I.

Hence, 
xxx

eececy
3

2

2

1
4

1
++= −

                                                              

2. Solve ( ) xeyDD =+− 342➨ The AE is 0342 =+− mm

         ( )( ) 031 =−− mm

          3,1=m
Therefore,

C.F.
xx ecec 3

21 +=

P.I.
x

xx

xe
D

e
x

DD

e

2

1

42342
−=

−
⋅=

+−
=

Thus, G.S. = C.F. + P.I.

Hence, 
xxx

xeececy
2

13

21 −+=                                                                

Note If the RHS of the given differential equation is a part of C.F. then

we get zero in the denominator when finding P.I.

3. Solve 
xeyyy 265 −=+′+′′➨ The given equation can be written as

( ) xeyDD 22 65 −=++

The AE is 0652 =++ mm

     ( )( ) 032 =++ mm

      3,2 −−=m

Therefore,

C.F. 
xx ecec 3

2

2

1

−− +=

P.I. 
x

xx

xe
D

e
x

DD

e 2
2

2

2

5265

−
−−

=
+

⋅=
++

=

Thus, G.S = C.F + P.I.

Hence, 
xxx xeececy 23

2

2

1

−−− ++=                                                            
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Differential Equations 415

4.  Solve ( ) xeyDD 322 =−+➨ The A.E is 022 =−+ mm

0222 =−−+ mmm

( ) ( ) 0212 =+−+ mmm

( )( ) 021 =+− mm

2,1 −=m

Therefore,

C.F 
xx ecec 2

21

−+=

P.I 
2

3
2 −+

=
DD

e
x

      
12

3

+
⋅=

D

e
x

x

3

3 x
e

x ⋅=

P.I 
x

xe=
Hence, the general solution is

xxx xeececy ++= −2

21                                                                 

5. Solve 
xeyyy =+′−′′ 96➨ The A.E is 0962 =+− mm

( ) 03
2

=−m

3,3=m

Therefore,

C.F ( ) xexcc 3

21 +=

P.I 
962 +−

=
DD

e
x

      
4

x
e

= x
e

4

1
=

Hence, the general solution is

( ) xx
eexccy

4

13

21 ++=                                                                

6. Solve ( ) xx eeyDD 51213 22 +=+−➨ The A.E is 012132 =+− mm
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012122 =+−− mmm

( ) ( ) 012112 =−−− mmm

( )( ) 0121 =−− mm

12,1=m

Therefore,

C.F 
xx ecec 12

21 +=

P.I 
1213

5
2

2

+−

+
=

DD

ee
xx

      

2

2 2
5

13 12 13 12

x x
e e

D D D D
= +

− + − +

      
132

5
12264

2

−
⋅+

+−
=

D

e
x

e
xx

      
11

5
10

2

−
⋅+

−
=

xx
e

x
e

P.I 
xx

xee
11

5

10

1 2 −−=

Hence, the general solution is

xxxx
xeeececy

11

5

10

1 212

21 −−+=                                              

7. Solve 
x

ey
dx

dy

dx

yd

dx

yd
=−+− 243

2

2

3

3➨ The given equation can be written as

( ) xeyDDD =−+− 243 23

The AE is 0243 23 =−+− mmm

1=m  is one of the roots of AE

1=m 1        3−    4  2−

0           1 2−             2

1         2−    2       0

0222 =+− mm
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( ) ( )( )
( )

im ±=
−−±

= 1
12

21422
2

im ±= 1,1

Therefore, C.F. ( )xcxceec
xx sincos 321 ++=

      P.I. 
1463243 223

xxx
xe

DD

e
x

DDD

e
=

+−
⋅=

−+−
=

Thus, G.S. = C.F. + P.I.

Hence, ( ) xxx
xexcxceecy +++= sincos 321                                         

8.  Solve ( ) xyDD cosh1272 =++➨ The AE is 01272 =++ mm

012432 =+++ mmm

            ( ) ( ) 0343 =+++ mmm

        ( )( ) 034 =++ mm

3,4 −−=m

C.F.
xx ecec 3

2

4

1

−− +=

P.I.
127

cosh
2 ++

=
DD

x

      ( )





+

++
= −xx

ee
DD 2

1

127

1
2

       








++
+

++
=

−

1271272

1
22

DD

e

DD

e
xx









+=

−

6202

1 xx
ee

P.I. 
xx

ee
−+=

12

1

40

1

Thus, G.S. = C.F. + P.I.

Hence, 
xxxx

eeececy
−−− +++=

12

1

40

13

2

4

1                                             

9. Solve xyy 2sinh4 =−′′➨ The given equation can be written as

( ) xyD 22 sinh4 =−
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The A.E is 042 =−m

      2±=m

Therefore, C.F. 
xx ecec 2

2

2

1

−+=

P.I. x
D

2

2
sinh

4

1

−
=

      ( )
2

2 2

1

4

1






−

−
= −xx ee

D
( )





−+

−
= − 2

4

1

4

1 22

2

xx
ee

D

      
( ) ( ) ( )4

1

2

1

44

1

44

1
22

2

2

2

−
−

−
+

−
=

−

DD

e

D

e
xx

                   
( ) ( ) ( )40

1

2

1

24

1

24

1
2

22

−
−⋅+⋅=

D

e
x

D

e
x

xx

                   
8

1

16

1

16

1 22 +−= − xx
xexe

P.I. ( )2
16

1 22 +−= − xx
xexe

Thus, G.S. = C.F. + P.I.

Hence, ( )2
16

1 222

2

2

1 +−++= −− xxxx
xexeececy                                     

10. Solve xy
dx

dy

dx

yd
cosh254

2

2

=++➨ The given equation can be written as

( ) xyDD cosh2542 =++

The AE is 0542 =++ mm

( )( )
( )

im ±−=
−±−

= 2
12

154164

Therefore, C.F. ( )xcxce x sincos 21

2 += −

     P.I. ( )x
DD

cosh2
54

1
2 ++

= ( )xx
ee

DD

−+
++

=
54

1
2

           
5454 22 ++

+
++

=
−

DD

e

DD

e
xx
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    P.I.
xx

ee
−+=

2

1

10

1

Thus,      G.S. = C.F. +P.I.

Hence,        ( ) xxx
eexcxcey

−− +++=
2

1

10

1
sincos 21

2
                          

11. Solve ( ) x
xy

dx

yd
312cosh4

2

2

+−=−➨ The given equation can be written as

( ) ( ) xxyD 312cosh42 +−=−

The AE is 042 =−m ,

    2±=m
Therefore,

C.F. 
xx ecec 2

2

2

1

−+=

P.I. ( )[ ]x
x

D
312cosh

4

1
2

+−
−

=

            
( )( ) 





++

−
= −−− xxx

ee
D

3
2

1

4

1 1212

2

            
4

3

42

1

42

1
22

12

2

12

−
+

−
+

−
=

+−−

DD

e

D

e
xxx

            
422

1

22

1
2

3log1212

−
+⋅+⋅=

+−−

D

e

D

e
x

D

e
x

xxx

            
( ) 43log8

1

8

1
2

3log
1212

−
+−= +−−

x
xx e

xexe

             

( )

( ) 43log

3

24

1
2

1212

−
+






 −
=

−−− xxx
ee

x

             ( )
( ) 43log

3
12sinh

4

1
2

−
+−=

x

xx

Thus, G.S. = C.F. + P.I.

Hence, 
xx ececy 2

2

2

1

−+= ( )
( ) 43log

3
12sinh

4

1
2

−
+−+

x

xx                     
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12.  Solve ( ) xxeyDD 41052 +=++➨ The AE is 01052 =++ mm

( )( )
( )

i
i

m
2

15

2

5

2

155

12

1014255
±−=

±−
=

−±−
=

Therefore, C.F. 






















+









=

−

xcxce
x

2

15
sin

2

15
cos 21

2

5

P.I. 
105

4
2 ++

+
=

DD

e
xx

      
105

4

105 22 ++
+

++
=

DDDD

e
xx

10516 2

4log

++
+=

DD

ee
xx

       
( ) 104log54log16

1
2

4log

++
+=

x
x e

e

  P.I.
( ) 104log54log

4

16

1
2

++
+=

x
x

e

Thus, G.S. = C.F. + P.I.

Hence,

( ) 104log54log

4

16

1

2

15
sin

2

15
cos

221
2

5

++
++























+









=

−
x

x
x

excxcey   

Exercises

1) x
ey

dx

dy

dx

yd
=+− 96

2

2

2)  
xx

eey
dx

dy

dx

yd 2

2

2

65 −−=++

3)  xey
dx

dy

dx

yd x sinh22 2

2

2

+=+− −
4)  ( )2

2

2

165 x
ey

dx

dy

dx

yd
+=+−

5) 35
3

3

+=+ x
ey

dx

yd
6)  

xeyyyy =+′−′′−′′′

7)  
x

e
dx

dy

dx

yd

dx

yd 2

2

2

3

3

2 =++
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8) ( ) naeeyaD nxax ≠+=− ,22

9) 1,2 2

2

2

≠=+− keyk
dx

dy
k

dx

yd x

10) x
ey

dx

dy

dx

yd 2

2

2

354 −=++ given that 4=y and 7−=′y when 0=x

11) t
ex

dt

dx

dt

xd 2

2

2

22 −=+− 12)  xy
dx

dy

dx

yd
cosh23

2

2

=+−

13) xy
dx

yd
2cosh4

2

2

=+ 14)  xyyy 3sinh96 =+′−′′

15) ( )2

2

2

1107 x
ey

dx

dy

dx

yd
+=+−

16) ( )32sinh44
2

2

3

3

+=−+− x
dx

dy

dx

yd

dx

yd

17) ( ) xyDDD cosh222 23 =−−+

18) ( ) xx eeyDD 322 65 −− +=++           19) ( ) xx eeyDD 22 65 −−=++

20) ( ) ( )22 165 +=+− xeyDD 21)  
xeyyy 232 =+′−′′

22) ( ) xeyDDD x 3cosh24423 +=−+−

23) ( ) xeyDDD −=−− 223

24) ( ) xeyDDD =−+− 243 23

25) ( ) axeyaDaaDD =−+− 3223 33

26) ( ) xeyDDDD 3234 253 =−+−− 27)  ( ) xeyDD +=+− 412 24

Answers

1) ( ) xx
eexccy

4

13

21 ++=

2) xxxx
xeeececy

22

2

3

1
12

1 −−− −++=

3) ( ) xxxx
eexeexccy

−− ++++=
4

1

2

1

9

1 22

21

4) 
6

123

2

2

1 +−++= xxxx
xeeececy
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5) x

x

x
e

x
c

x
ceecy

2

5
3

2

3
sin

2

3
cos 32

2
1 ++























+









+= −

6) ( ) xxx
e

x
ecexccy

4

2
4

321 +++= −

7) ( ) xx
eexcccy

2

321
18

1
+++= −

8) nxaxaxax
e

na
e

a

x
ececy

2221

1

2 −
+++= −

9) ( ) xkx
e

kk
exccy

12

1
221

+−
++=

10) ( ) xx exxey 22 3sincos −− ++=

11) ( ) tt
eetccx

2

21
9

2 −++=

12) xxxx
exeececy

−+−+=
12

1

2

12

21

13) xxcxcy 2cosh
8

1
2sin2cos 21 ++=

14) ( ) xxx
ee

x
exccy

33
2

3

21
36

1

4

−−++=

15) xxxx
e

x
eececy

25

2

2

1
32

1

10

1
−+++=

16) 
( )









++++=

+−+

328

1
2sin2cos

3232

321

xx
x ee

xcxcecy

17) xxxxx
xexeecececy

−−− −+++=
2

1

6

12

321

18) ( )xxxx eexececy 323

2

2

1

−−−− −++=

19) xxxx
xeeececy

23

2

2

1
12

1 −−− −++=

20) 
6

123

2

2

1 +−++= xxxx
xeeececy

21) ( ) xx eexccy 2

21 3++=
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22) 
52265

2sin2cos
33

321

xxx
x eexe

xcxcecy
−

−++++=

23) xxx
e

x
ececcy

−− +++=
3

2

321

24) ( ) xxx
xexcxceecy +++= sincos 321

25) ( ) axax
e

x
excxccy

6

3
2

321 +++=

26) ( ) xxx
eecexcxccy

32

4

2

321
40

1
++++= −

27) ( ) ( ) xxx
e

x
exccexccy

8
4

2

4321 +++++= −

Particular Integral when ( ) ( )baxkxf += sin or ( )baxk +cos

We have ( ) ( )baxabaxD +=+ cossin

              ( ) ( )baxabaxD +−=+ sinsin 22

i.e.,  ( ) ( ) ( ) ( )baxabaxD +−=+ sinsin
1212

  ( ) ( )baxabaxD +−=+ cossin 33

  ( ) ( )baxabaxD +=+ sinsin 44

i.e., ( ) ( ) ( ) ( )baxabaxD +−=+ sinsin
2222

In general ( ) ( ) ( ) ( )baxabaxD
nn

+−=+ sinsin 22

Therefore, ( ) ( ) ( ) ( )baxagbaxDg +−=+ sinsin 22

( )
( ) ( )

( )
( ) ( )baxag

Dg
baxDg

Dg
+−=+⇒ sin

1
sin

1 2

2

2

2

( )
( )

( )
( )bax

Dg
bax

ag
+=+

−
⇒ sin

1
sin

1
22

( )
( )

( )
( )bax

ag
bax

Dg
+

−
=+⇒ sin

1
sin

1
22

 provided ( ) 02 ≠− ag

i.e., we replace 
2D  by 

2
a−
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If ( ) 02 =− ag , then the case fails and we proceed as follows.

We have ( ) ( ) ( )baxiebaxibax +=+++ sincos

Therefore, 
( )

( ) =+ bax
Dg

sin
1

2
I.P. of 

( )

( )2Dg

e
baxi +

         = I.P. of 

( )

( )[ ]2
Dg

dD

d

e
x

baxi +

⋅

          
( )
( )2

sin

Dg

bax
x

′

+
⋅=

( )
( ) ( )

( )22

sin
sin

1

ag

bax
xbax

Dg −′

+
=+∴ , provided ( ) 02 ≠−′ ag

If ( ) 02 =′ ag , then

( )
( ) ( )

( )2

2

2

sin
sin

1

ag

bax
xbax

Dg −′′

+
⋅=+ , provided ( ) 02 ≠−′′ ag

Similarly,

( )
( )

( )
( )bax

ag
bax

Dg
+

−
=+ cos

1
cos

1
22

, provided ( ) 02 ≠− ag .

If ( ) 02 =− ag , then

( )
( )

( )
( )bax

ag
xbax

Dg
+

−′
⋅=+ cos

1
cos

1
22

, provided ( ) 02 ≠−′ ag .

If ( ) 02 =−′ ag , then

( )
( )

( )
( )bax

ag
xbax

Dg
+

−′′
=+ cos

1
cos

1
2

2

2

where ( )2ag −′ and ( )2ag −′′  denotes the derivatives of ( )2Dg  with

respect to D at 
22

aD −=

Working Rule

If ( ) ( )baxkxf += sin , then
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P.I. 
)(

)(sin

DF

bax +
=

)()(

)(sin
22

DDD

bax

ψφ +

+
=

)()(

)(sin
22

aDa

bax

−+−

+
=

ψφ

[ ] [ ]
)(sin

)()(

)()(
22222

22

bax
aDa

aDa
+

−−−

−−−
=

ψφ

ψφ

[ ] [ ]
)sin(

)()()(

)()(
22222

22

bax
aaa

aDa
+

−−−−

−−−
=

ψφ

ψφ

[ ] [ ]22222

22

)()(

)cos()()sin()(

aaa

baxaabaxa

−+−

+−−+−
=

ψφ

ψφ
, provided 0≠Dr

If 0=Dr , then

P.I. 
22)(

)sin(

aD
DF

bax
x

−=
′

+
= , provided 0)( 22 ≠′

−= aD
DF

If 22)(
aD

DF
−=

′ , then

           P.I. 
22)(

)(sin2

aD
DF

bax
x

−=
′′

+
⋅= , provided 0)( 22 ≠′′

−= aD
DF and so on.

Similarly we use the same procedure for ( )bax +cos

Worked Examples

1. Solve xyy 2cos4 =−′′➨ The AE is 042 =−m

         2,2 −=m

Therefore, C.F.
xx ecec 2

2

2

1

−+=

P.I. x
x

D

x
2cos

8

1

42

2cos

4

2cos
22

−=
−−

=
−

=

Hence, the general solution is
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xececy
xx 2cos

8

12

2

2

1 −+= −
           

2. Solve ( ) xyDD sin652 =++➨ The AE is 0652 =++ mm

         2,3 −−=m

Therefore, C.F.
xx ecec 2

2

3

1

−− +=

P.I.
65

sin
2 ++

=
DD

x

      
( )

x
DD

x
sin

15

1

651

sin
2 +

=
++−

=

       
( )

( )( )
x

DD

D
sin

11

1

5

1

−+

−
=

( )
x

D

D
sin

1

1

5

1
2 −

−
=

         
( )

( )
x

D
sin

11

1

5

1
2 −−

−
= ( )xx sincos

10

1
−−=

Hence, the general solution is

( )xxececy
xx sincos

10

12

2

3

1 −−+= −−
                                       

3. Solve xy
dx

dy

dx

yd
2cos23

2

2

=+−➨ The A.E is 0232 =+− mm

( )( ) 021 =−− mm

2,1=m

Therefore,

C.F 
xx ecec 2

21 +=

P.I 
23

2cos
2 +−

=
DD

x

      
23

2cos

232

2cos
2 −−

=
+−−

=
D

x

D

x

      
23

23

23

2cos

−

−
×

+
−=

D

D

D

x
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( )

49

2cos23
2 −

−−
=

D

xD

       
( )

( )
( )

40

2cos23

429

2cos23
2 −

−−
=

−−

−−
=

xDxD

       ( )[ ]xx 2cos222sin3
40

1
−⋅−=

       ( ) ( )xxxx 2cos2sin3
20

1
2cos22sin6

40

1
+−=−−=

Hence, the general solution is

( )xxececy
xx 2cos2sin3

20

12

21 +−+=                        

4. Solve ( ) ( )32sin12 +=+ xyD➨ The AE is 012 =+m

         im ±=

Therefore, C.F. xcxc sincos 21 +=

P.I.
( ) ( )

12

32sin

1

32sin
22 +−

+
=

+

+
=

x

D

x ( )32sin
3

1
+−= x

Hence, the general solution is

( )32sin
3

1
sincos 21 +−+= xxcxcy                                          

5. Solve ( ) axyaD cos22 =+➨ The AE is 022 =+ am

                      aim ±=

Therefore, C.F. axcaxc sincos 21 +=

P.F.
22

cos

aD

ax

+
=

D

ax
x

2

cos
⋅= ∫= axdx

x
cos

2

       







=

a

axx sin

2
ax

a

x
sin

2
=

Hence, the general solution is

ax
a

x
axcaxcy sin

2
sincos 21 ++=                                            
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6. Solve ( ) axyaD sin22 =+➨  The AE is 022 =+ am

                      aim ±=

Therefore, C.F. axcaxc sincos 21 +=

P.I.
22

sin

aD

ax

+
= ∫=⋅= axdx

x

D

ax
x sin

22

sin

      ax
a

x

a

axx
cos

2

cos

2
−=








−=

Hence, the general solution is

ax
a

x
axcaxcy cos

2
sincos 21 −+=                                           

7. Solve xy
dx

yd
3sin9

2

2

=+➨ The AE is 092 =+m

       im 3±=

Therefore, C.F. xcxc 3sin3cos 21 +=

P.I. ∫=⋅=
+

= xdx
x

D

x
x

D

x
3sin

22

3sin

9

3sin
2

      x
xxx

3cos
63

3cos

2
−=







 −
=

Hence, the general solution is

x
x

xcxcy 3cos
6

3sin3cos 21 −+=                                              

8. Solve ( ) xyD 22 cos1 =+➨ The AE is 012 =+m

                      im ±=

Therefore, C.F. xcxc sincos 21 +=

P.I. x
D

2

2
cos

1

1

+
=  ( )x

D
2cos1

2

1

1

1
2

+⋅
+

=
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( ) ( )1

2cos

2

1

1

1

2

1
22 +

+
+

=
D

x

D ( ) ( )12

2cos

2

1

10

1

2

1

2 +−
+

+
=

x

  P.I. x2cos
6

1

2

1
−=

Hence, the general solution is

xxcxcy 2cos
6

1

2

1
sincos 21 −++=                                           

9. Solve xy
dx

yd 3

2

2

sin4 =−➨ The AE is 042 =−m

2,2 −=m

            P.I. x
D

3

2
sin

4

1

−
=

( )
[ ]xx

D
3sinsin3

4

1

4

1
2

−
−

=

                  
( ) ( )4

3sin

4

1

4

sin

4

3
22 −

−
−

=
D

x

D

x

( ) ( )43

3sin

4

1

41

sin

4

3
22 −−

−
−−

=
xx

P.I. xx 3sin
52

1
sin

20

3
+−=

Hence, the general solution is

xxececy
xx 3sin

52

1
sin

20

32

2

2

1 +−+= −
                                   

10. Solve ( ) xxyDD 2cos3sin342 =+−➨ The AE is 0342 =+− mm

         ( )( ) 031 =−− mm

          3,1=m

Therefore, C.F.
xx ecec 3

21 +=

P.I. xx
DD

2cos3sin
34

1
2 +−

=
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( )

[ ]xx
DD

sin5sin
2

1

34

1
2

+
+−

=

      
( ) ( )34

sin

2

1

34

5sin

2

1
22 +−

+
+−

=
DD

x

DD

x

      
( ) ( )341

sin

2

1

345

5sin

2

1
22 +−−

+
+−−

=
D

x

D

x

      
( ) ( )D

x
x

D 42

sin

2

1
5sin

224

1

2

1

−
+

−−
=

      
( )( ) ( )( )

x
DD

D
x

DD

D
sin

2121

21

4

1
5sin

112112

112

4

1

+−

+
+

+−

−
−=

      
( ) ( )

x
D

D
x

D

D
sin

41

21

4

1
5sin

1214

112

4

1
22 −

+
+

−

−
−=

      ( ) ( ) xDxD sin21
20

1
5sin112

884

1
++−=

      [ ] [ ]xxxx cos2sin
20

1
5sin115cos10

884

1
++−=

Hence, the general solution is

[ ] [ ]xxxxececy
xx cos2sin

20

1
5sin115cos10

884

13

21 ++−++=         

11. Solve xxy
dx

yd 22

2

2

cossin=+➨ The AE is 012 =+m
         im ±=

Therefore, C.F. xcxc sincos 21 +=

P.I.
1

cossin
2

22

+
=

D

xx ( )2

2
cossin

1

1
xx

D +
=

      
( )

x
D

x

D
2sin

1

1

4

1

2

2sin

1

1 2

2

2

2 +
=









+
=

      
( )

( )x
D

4cos1
2

1

1

1

4

1
2

−
+

=
( ) ( )1

4cos

8

1

1

1

8

1
22 +

−
+

=
D

x

D
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( ) ( )14

4cos

8

1

10

1

8

1
2 +−

−
+

=
x

x4cos
120

1

8

1
+=

Hence, the general solution is

xxcxcy 4cos
120

1

8

1
sincos 21 +++=                                       

12. Solve ( ) xeyD x 2sin42 +=−➨ The AE is 042 =−m

         2,2 −=m

Therefore, C.F.
xx ecec 2

2

2

1

−+=

P.I.
4

2sin
2 −

+
=

D

xe
x

4

2sin

4 22 −
+

−
=

D

x

D

e
x

42

2sin

41 22 −−
+

−
=

xe
x

P.I. xe
x 2sin

8

1

3

1
−−=

Hence, the general solution is

xeececy
xxx 2sin

8

1

3

12

2

2

1 −−+= −
                                            

13. Solve xey
dx

dy

dx

yd x 22

2

2

cos2 −=++➨ The AE is 0122 =++ mm

         1,1=m

Therefore, C.F. ( ) xexcc 21 +=

      P.I. ( )xe
DD

x 22

2
cos

12

1
−

++
=

                         ( )







+−

++
= xe

DD

x 2cos1
2

1

12

1 2

2

            
( ) ( )12

2cos

2

1

12

1

2

1

12 222

2

++
−

++
−

++
=

DD

x

DDDD

e
x
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( )[ ] [ ]122

2cos

2

1

1020

1

2

1

9

1

2

2

++−
−

++
−=

D

x
e x

           
( )

( )( )
x

DD

D
e x 2cos

3232

32

2

1

2

1

9

1 2

+−

+
−−=

          
( )
( )

x
D

D
e x 2cos

94

32

2

1

2

1

9

1
2

2

−

+
−−=

          
( )

( )[ ]
x

D
e x 2cos

924

32

2

1

2

1

9

1

2

2

−−

+
−−=

          ( )xxe
x 2cos32sin4

50

1

2

1

9

1 2 +−+−=

Hence, the general solution is

( ) ( )xxeexccy
xx 2sin42cos3

50

1

2

1

9

1 2

21 −+−++=               

14. Solve ( ) xyDD cos12 24 =+−➨ The AE is 012 24 =+− mm

         ( ) 01
22 =−m

          1,1,1,1 −−=m

Therefore, C.F. ( ) ( ) xx
exccexcc

−+++= 4321

P.I.
( ) 12

cos

12

cos

22224
+−

=
+−

=
DD

x

DD

x

      
( ) ( )

x
x

cos
4

1

1121

cos

222
=

+−−−
=

Hence, the general solution is

( ) ( ) xeccexccy
xx cos

4

1
4321 ++++= −

                                    
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