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( ) ( )xfyaDaDaDaDa
n

n

n

n =+++−−−++ −

− 01

2

2

1

1                   ---(3)

where 
n

n
n

dx

d
D

dx

d
D

dx

d
D =−−−==

2

2
2,

Using the polynomial operator

( ) 01

2

2

1

1 aDaDaDaDaDF
n

n

n

n +++−−−++= −

−

equation (3) can be written as

( ) ( )xfyDF =

If ( ) 0=xf , then the differential equation (1) is called homogeneous

equation otherwise it is called non-homogeneous equation.

Since the general solution of an ordinary differential equation

( ) 0=yDF of order n contains n orbitrary constants. We conclude that

uycycyc nn =+−−−++ 2211 is the general solution of ( ) 0=yDF .

Thus ( ) 0=uDF                   ---(4)

Again let v be any particular solution of ( ) ( )xfyDF =

i.e., ( ) ( )xfvDF =      ---(5)

Hence, ( )( ) ( ) ( )vDFuDFvuDF +=+

        ( )xf+= 0

( )( ) ( )xfvuDF =+

This shows that vuy += is the complete solution of ( ) ( )xfyDF = .

Here the first part nn ycycycu +−−−++= 2211  called the

complimentary function and the second part v is called the particular

integral.

Note It should be remembered that the particular integral appears due to

( )xf  in ( ) ( )xfyDF = . Hence, for non-homogeneous equations the

general solution or complete solution is sum of complimentary function

and particular integral and for homogeneous equation complementary

function will be the general solution.
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Differential Equations 397

Auxiliary Equation

Consider the homogeneous linear differential equation of order n with

constant coefficients

( ) 0=yDF

i.e., ( ) 001

2

2

1

1 =+++−−−++ −

− yaDaDaDaDa
n

n

n

n

Let 
mxey = be the solution of this equation.

( ) 001

2

2

1

1 =+++−−−++∴ −

−

mxn

n

n

n eaDaDaDaDa

−−−++⇒ −

−

mxn

n

mxn

n emaema
1

1

                       001

2

2 =+++ mxmxmx
eameaema

( ) 001

2

2

1

1 =+++−−−++⇒ −

−

mxn

n

n

n eamamamama

         001

2

2

1

1 =+++−−−++⇒ −

− amamamama
n

n

n

n    ---(6)

This is called the auxiliary equation.

Complimentary Function (C.F.)

Let equation (6) be the auxiliary equation of the differential equation (3)

and roots of equation (6) be nmmmm ,,,, 321 −−−−−

Case (i) If the roots of the equation (6) are real and distinct,

i.e., nmmmm ≠−−−≠≠≠ 321 ,

then the complimentary function of the differential equation (3) is,

C.F.
xm

n

xmxmxm necececec +−−−−+++= 321

321

Case (ii) If the roots of the equation (6) are real and repeated

i.e., nmmmm =−−−=== 321 ,

then the complimentary function of the differential equation (3) is,

C.F. ( ) xmn
n excxcxcc 112

321
−+−−−−−+++=

Case (iii) If the roots of the equation (6) are complex, i.e.,

βα imm ±=21,

then the complimentary function of the differential equation (3) is,

C.F. [ ]xcxce x ββα sincos 21 +=

[If the equation (3) is 2
nd

 order differential equation]
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Advanced Mathematics – I398

Case (iv) If the roots of the equation (6) are complex and non repeated

i.e., 1121 , βα imm ±= and ,, 2243 βα imm ±=

then the complimentary function of equation (3) is,

C.F. [ ] [ ]xcxcexcxce
xx

24231211 sincossincos 21 ββββ αα +++=

[If the equation (3) is 4
th 

order differential equation]

Case (v) If the roots of the equation (6) are complex and repeated,

i.e., 4321 ,, mmimm =±= βα

then the complimentary function of equation (3) is,

C.F. ( ) ( )[ ]xxccxxcce
x ββα sincos 4321 +++=

Worked Examples

1.  Solve 032
2

2

=−− y
dx

dy

dx

yd➨ The given equation can be written as

0)32( 2 =−− yDD

The A.E is 0322 =−− mm

     0332 =−+− mmm

    ( ) ( ) 0313 =−+− mmm

   ( )( ) 031 =−+ mm 31 or =−=∴ mm

Here, the roots are real and distinct

Therefore,
xx ecec 3

21.C.F += −

Hence, the general solution of the given differential equation is 
xx ececy 3

21 += −
           

2.  Solve 0=+′+′′ yyy➨            0=+′+′′ yyy

( ) 012 =++ yDD

The A.E is  012 =++ mm

      
( )( )

( )12

11411 2 −±−
=m

2

31 −±−
=
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      im
2

3

2

1
±

−
=

Therefore,









+=

−

xcxce
x

2

3
sin

2

3
cosC.F. 21

2

1

Hence,       







+=

−

xcxcey
x

2

3
sin

2

3
cos 21

2

1

           

3.  Solve ( ) 0122 =+− yDD➨   ( ) 0122 =+− yDD

The A.E is 0122 =+− mm

     ( ) 01
2

=−m

     1,1=∴m

Here the roots are real and repeated

Therefore, ( ) xexcc 21C.F. +=

Hence,            ( ) xexccy 21 +=            

4. Solve ( )2 5 1 0D D y+ + =➨ The AE is 
2 5 1 0m m+ + =

( )( )
( )12

114255 −±−
=m

2

215 ±−
=

2

215
,

2

215 −−+−
=m

Therefore,

C.F. 
xx

ecec









 −−









 +−

+=
2

215

2

2

215

1

Hence,      
xx

ececy









 −−









 +−

+=
2

215

2

2

215

1                                                  
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5.   Solve 054
2

2

=−− y
dx

dy

dx

yd
given that 0=y and 6=

dx

dy
when 0=x➨  The given equation can be written as

( ) 0542 =−− yDD

The AE is 0542 =−− mm

     0552 =−+− mmm

     ( ) ( ) 0515 =−+− mmm

     ( )( ) 051 =−+ mm

     5,1−=m

Therefore, C.F. 
xx ecec 5

21 += −

Thus, 
xx ececy 5

21 += −
     ---(1)

Put 0=y  and 0=x

       210 cc +=                                ---(2)

Differentiating (1) with respect to x, we get

xx
ecec

dx

dy 5

21 5+−= −

Put 0=x and 6=
dx

dy

21 56 cc +−=      ---(3)

( ) ( ) 16632 22 =⇒=⇒+ cc

11 −=∴c
xx eey 5+−= −

                        

6. Solve ,023
2

2

=+− x
dt

dx

dt

xd
given that ( ) ( ) 10,00 ==

dt

dx
x➨ ( ) 0232 =+− xDD

The A.E is 0232 =+− mm

      2,1=m

Therefore,

C.F.
tt ecec 2

21 +=
tt ececx 2

21 +=
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Differential Equations 401

( ) ( ) ( )110 21 ccx +=

21210 cccc −=⇒+=                      ---(1)

tt
ecec

dt

dx 2

21 2+=

( )
21 2

0
cc

dt

dx
+=

1121 1222 −=⇒=⇒+−= cccc

Hence, 
tt

eex
2+−=            

7. Solve 06116
2

2

3

3

=−+− y
dx

dy

dx

yd

dx

yd➨ ( ) 06116 23 =−+− yDDD

The A.E is 06116 23 =−+− mmm

Here, 1=m  is one of the roots

1=m 1 6−   11 6−
0     1 5−     6

1 5−    6

Therefore,

0652 =+− mm

06322 =+−− mmm

( ) ( ) 0232 =−−− mmm

( )( ) 023 =−− mm

2,3=m

3,2,1=m

Hence,

xxx
ecececy

3

3

2

21 ++=            

8.  Solve ( ) 0254 23 =−+− yDDD➨  ( ) 0254 23 =−+− yDDD

0
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The A.E is

0254 23 =−+− mmm

by inspection method 1 is one of the roots.

m = 1   1       4−           5     2−

0           1       3−                   2

        1         3−            2                  0

023.1 2 =+− mm

0222 =+−− mmm

( ) ( ) 0212 =−−− mmm

( ) ( ) 021 =−− mm

2,1,1=m

Therefore,

( ) xx
ecexcc

2

321C.F. ++=

Hence,       ( ) xx
ecexccy

2

321 ++=            

9. Solve 0
3

3

=+ y
dx

yd➨ The given equation can be written as

( ) 013 =+ yD

The AE is 013 =+m

( )( ) 011 2 =+−+ mmm

im
2

3

2

1
,1 ±−=⇒

Therefore, C.F. 







++= −

xcxceec
x

x

2

3
sin

2

3
cos 32

2

1

1

Thus,























+









+= −

2

3
sin

2

3
cos 32

2
1

x
c

x
ceecy

x

x
                                 
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10. Solve 023
3

3

=−− y
dx

dy

dx

yd➨ The given equation can be written as

( ) 0233 =−− yDD

The AE is 0233 =−− mm

Now 1−=m is one of the roots

1−=m 1 0 3−  2−
0         1−     1             2

1         1− 2−       0

Therefore,  022 =−− mm

      0222 =−+− mmm

      ( ) ( ) 0212 =−+− mmm

      ( )( ) 021 =−+ mm

       2,1−=m

       2,1,1 −−=∴m

Therefore,

C.F. ( ) xx
ecexcc

2

321 ++= −

Thus,         ( ) xx
ecexccy

2

321 ++= −
           

11.  Solve ( ) 04852 234 =+−+− yDDDD➨ ( ) 04852 234 =+−+− yDDDD

The A.E is

04852 234 =+−+− mmmm

1=m is one of the roots

1=m 1 2− 5 8−     4

0     1    1−     4 4−

1 1− 4 4−     0

04423 =−+−∴ mmm
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   ( ) ( ) 01412 =−+− mmm

   ( )( ) 0142 =−+ mm

    1,2im ±=

im 2,1,1 ±=∴

Therefore,

( ) xcxcexcc
x 2sin2cosC.F. 4321 +++=

Hence,      ( ) xcxcexccy
x 2sin2cos 4321 +++=                                   

12. Solve ( ) 0363654 234 =−−−+ yDDDD➨ The AE is 0363654 234 =−−−+ mmmm

Here 2−=m is one of the roots of the above equation.

2−=m 1 4 5− 36− 36−
0        2− 4−           18         36

2−=m 1  2 9−       18−       0

0        2−     0    18

1            0 9−      0

092 =−m

3±=m

3,3,2,2 −−−=∴m

Therefore, C.F ( ) xxx
ececexcc

3

4

3

3

2

21 +++= −−

Hence, ( ) xxx
ececexccy

3

4

3

3

2

21 +++= −−
                                                

13. If 04

4

4

=− ym
dx

yd
, then prove that

mxkmxkmxkmxky sincoscoshsinh 4321 +++=➨ The given equation can be written as

( ) 044 =− ymD

The AE is 044 =−mM

( )( ) 02222 =−+ mMmM mimM ±±=⇒ ,

Therefore, C.F. mxcmxcecec
mxmx sincos 4321 +++= −
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We have, 
2

sinh
mxmx

ee
mx

−−
=

   
2

cosh
mxmx

ee
mx

−+
=

mxmxe
mx coshsinh +=⇒

      mxmxe
mx sinhcosh −=−

Hence,

( ) ( )mxmxcmxmxcy sinhcoshcoshsinh 21 −++=

mxcmxc sincos 43 ++

   ( ) ( ) mxcmxcmxccmxcc sincoscoshsinh 432121 ++++−=

mxkmxkmxkmxky sincoscoshsinh 4321 +++=                 

14. Solve 04

4

4

=+ ya
dx

yd➨ The given equation can be written as

( ) 044 =+ yaD

The AE is 044 =+ am

022 222244 =−++ amamam

( ) ( ) 02
2222 =−+ maam

( )( ) 022 2222 =++−+ maammaam

02 22 =+−⇒ amam  or 02 22 =++ amam

( )12

422 22
aaa

m
−±

=⇒
( )12

422 22
aaa

m
−±−

=

          
2

22 aia ±
=      

2

22 aia ±−
=

           i
aa

22
±=       i

aa

22
±−=

i
aa

i
aa

m
22

,
22

±−±=∴

Therefore,
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C.F. 















+







= x

a
cx

a
ce

x
a

2
sin

2
cos 21

2

















+







+

−

x
a

cx
a

ce
x

a

2
sin

2
cos 43

2

Hence,

















+







= x

a
cx

a
cey

x
a

2
sin

2
cos 21

2

















+







+

−

x
a

cx
a

ce
x

a

2
sin

2
cos 43

2                        

Exercises

Solve the following differential equations

1) 032
2

2

=−− y
dx

dy

dx

yd
2) 0136 =+′−′′ yyy

3)  02510 =+′+′′ yyy

4) ( ) 082 =+ yD , given that ( ) 10 =y and ( ) 220 =′y

5) 02 =−′+′′ yyy , given that 0=y and 3=′y for 0=x

6) 0=+′′ yy given that ( ) 2
2

,20 −=







=

π
yy

7) 023 =+′−′′ yyy  if ( ) ( ) 00,10 =′−= yy

8) 03108
2

2

=+− y
dx

dy

dx

yd
if ( ) ( ) 00,10 =′−= yy

9) 044 =+′+′′ yyy  given that 1,0 −=′= yy at 1=x

10) 0sec2
2

2

=+− y
dx

dy

dx

yd
α 11) 0cos2 =+′−′′ yyy α

12) baby
dx

dy
a

dx

yd
<=++ 2

2

2

,02

13) 0842
2

2

3

3

=−+− y
dx

dy

dx

yd

dx

yd
14)  0

3

3

=− y
dx

yd
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Differential Equations 407

15) ( ) 015723 =−−+ yDDD 16)  022 =+′−′′−′′′ yyyy

17) 022 22 =+′−′′−′′′ yayayy

18) 033 32 =−′+′′−′′′ yayayay 19)  0243 =−′+′′−′′′ yyyy

20) ( ) 0122 34 =−−+ yDDD

21) ( ) 01222 234 =+−+− yDDDD

22) ( ) 04432 234 =+−−+ yDDDD

23) ( ) 03 234 =−+− yDDDD

24) ( ) 01464 234 =+−+− yDDDD

25) ( ) 02712 24 =+− yDD 26)  ( ) 02 4224 =++ yaDaD

27) ( ) 043 24 =−+ yDD 28)  ( ) 012 24 =++ yDD

29) ( ) 0253 234 =−+−− yDDDD

30) ( ) 0412136 234 =+−+− yDDDD 31)  ( ) 0168 24 =++ yDD

32)  045
2

2

4

4

=+− y
dx

yd

dx

yd
   33)  064

4

4

=− y
dx

yd

Answers

1) 
xx ececy −+= 2

3

1

2) ( )xcxcey x 2sin2cos 21

3 += 3)  ( ) xexccy 5

21 +=

4) xxy 22sin22cos += 5)  
xx eey 2−−=

6)  ( )xxy sincos2 −= 7)  
xx eey 22 −=

8)  4

3

2 33

xx

eey −= 9)  ( ) ( )xexy −−= 121

10) 
( ) ( )xx ececy αααα tansec

2

tansec

1

−+ +=

11) ( ) ( )[ ]ααα sinsinsincos 21

cos xcxcey x +=

12) ( ) ( )[ ]xbacxbacey
ax −+−= − 2

2

2

1 sincos

13) xcxcecy
x 2sin2cos 32

2

1 ++=
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14) 






















+









+=

−

2

3
sin

2

3
cos 21

2
1

x
c

x
ceecy

x

x

15) ( )xcxceecy
xx sincos 32

23

1 ++= −

16) 
xxx

ecececy
−++= 32

2

1 17)  
axaxx

ecececy
−++= 32

2

1

18) ( ) ax
excccy

2

321 ++=

19) ( )xcxceecy
xx sincos 321 ++=

20) ( ) xx
excxccecy

−+++= 2

3211

21) ( ) x
exccxcxcy 4321 sincos +++=

22) ( ) ( ) xx
exccexccy

2

4321

−+++=

23) ( ) x
excxcccy

2

4321 +++=

24) ( ) x
excxcxccy

3

4

2

321 +++=

25) 
xxxx

ececececy
3

4

3

3

3

2

3

1

−− +++=

26) ( ) ( ) axxccaxxccy sincos 4321 +++=

27) xcxcececy
xx 2sin2cos 4321 +++= −

28) ( ) ( ) xxccxxccy sincos 4321 +++=

29) ( ) xx
ecexcxccy

2

4

2

321

−+++=

30) ( ) ( ) xx
exccexccy

2

4321 +++=

31) ( ) ( ) xxccxxccy 2sin2cos 4321 +++=

32) 
xxxx

ececececy
2

4

2

321

−− +++=

33) xcxcececy
xx 22sin22cos 43

22

2

22

1 +++= −
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